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QUADRATIC CLOSED G2-STRUCTURES
GAVIN BALL
Abstract. This article studies closed G2-structures satisfying the quadratic condition, a second-
order PDE system introduced by Bryant involving a parameter λ. For certain special values of λ
the quadratic condition is equivalent to the Einstein condition for the metric induced by the closed
G2-structure (for λ = 1/2), the extremally Ricci-pinched (ERP) condition (for λ = 1/6), and the
condition that the closed G2-structure be an eigenform for the Laplace operator (for λ = 0). Prior
to the work in this article, solutions to the quadratic system were known only for λ = 1/6, −1/8,
and 2/5, and for these values only a handful of solutions were known.
In this article, we produce infinitely many new examples of ERP G2-structures, including the
first example of a complete inhomogeneous ERP G2-structure. We also give a classification of
homogeneous ERP closed G2-structures. We provide the first examples of quadratic closed G2-
structures for λ = −1, 1/3, and 3/4, as well as infinitely many new examples for λ = −1/8 and
2/5. Our constructions involve the notion of special torsion for closed G2-structures, a new concept
that is likely to have wider applicability.
In the final section of the article, we provide two large families of inhomogeneous complete
steady gradient solitons for the Laplacian flow, the first known such examples.
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1. Introduction
A G2-structure on a 7-manifold M is given by a 3-form ϕ ∈ Ω3(M) satisfying a non-degeneracy
condition. Such a 3-form gives rise to a metric gϕ, a volume form volϕ, and a Hodge star operator
∗ϕ on M. If the G2-structure satisfies the equations
dϕ = 0, d ∗ϕ ϕ = 0,(1.1)
then the metric gϕ has holonomy contained in G2 [6], which implies that gϕ is Ricci-flat and has a
parallel spinor field. Conversely, if (M, g) is a Riemannian 7-manifold with holonomy group contained
in G2, then M carries a g-parallel G2-structure ϕ satisfying equations (1.1) and such that g = gϕ.
A G2-structure satisfying the less restrictive condition
(1.2) dϕ = 0
is called closed. Closed G2-structures appear in a natural way in the study of manifolds with
holonomy G2. Currently the only known method for producing G2-structures satisfying equations
(1.1) is to begin with a closed G2-structure ϕ such that the 4-form d ∗ϕϕ is small in a suitable sense,
then use a result of Joyce [16] to perturb ϕ to a nearby G2-structure satisfying equations (1.1).
Closed G2-structures also play a pivotal role in attempts to use a geometric flow to understand
the solutions of (1.1). The Laplacian flow [7] is the geometric flow for G2-structures defined by the
1
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equation
(1.3) ddtϕ = ∆ϕϕ,
where ∆ϕ is the Laplacian induced by ϕ. The closed condition dϕ = 0 is preserved along the
Laplacian flow, and so closed G2-structures are thought to provide suitable initial conditions for the
flow. Geometric and analytic properties of the Laplacian flow have been studied in several works
[10, 14, 23–25], but the long term behaviour of solutions remains largely mysterious.
In this article we study closed G2-structures satisfying a particular second-order equation, the
quadratic condition. When ϕ is closed, the exterior derivative of the 4-form ∗ϕϕ is given by d∗ϕϕ =
τ ∧ ϕ, for a unique 2-form τ called the torsion form of ϕ. The torsion form τ is a fundamental
invariant of a closed G2-structure, and the quadratic condition is formulated in terms of its exterior
derivative dτ.
Definition 1.1. Let λ be a constant. A closed G2-structure ϕ is called λ-quadratic if it satisfies
(1.4) dτ = 17 |τ |2ϕ+ λ
(
1
7ϕ+ ∗ϕ (τ ∧ τ)
)
.
The λ-quadratic condition was introduced by Bryant [7] as the most general way in which the
3-form dτ can be written quadratically in terms of the components of τ. There are several special
values of λ of particular interest:
• The 1/2-quadratic condition is equivalent to the Einstein condition for the induced metric
gϕ.
• The induced metric gϕ of a closed G2-structure on a compact manifold M always satisfies
the inequality
(1.5)
∫
M
|Ric0(gϕ)|2 volϕ ≤ 4
21
∫
M
Scal(gϕ)
2 volϕ,
due to Bryant [7], and equality holds if and only if ϕ is 1/6-quadratic. Hence 1/6-quadratic
closed G2-structures are given the name extremally Ricci-pinched, or ERP for short.
• A closed G2-structure is 0-quadratic if and only if ϕ is an eigenform, i.e. an eigenfunction
for ∆ϕ. These structures are to the Laplacian flow as Einstein metrics are to the Ricci flow.
• A closed G2-structures ϕ inducing a conformally flat metric gϕ is always −1/8-quadratic.
Closed G2-structures satisfying this condition have been classified by the author [2].
There are very few examples of λ-quadratic closed G2-structures appearing in the literature.
Bryant [7] gives one example of a homogeneous ERP struture, Lauret [20] another, and Lauret–
Nicolini [21, 22] have classified left-invariant ERP structures on Lie groups, providing three other
distinct examples. The only known inhomogeneous examples of λ-quadratic closed G2-structures in
the literature are two examples each for λ = −1/8 and λ = 2/5 given by the author [2] in a previous
article.
Bryant [7] has shown that the only possibility for λ on a compact manifold M is λ = 1/6. Both
Bryant’s homogeneous ERP structure [7] and Lauret’s first example [17,20] admit compact quotients.
1.1. Results and methods. We approach the study of λ-quadratic closed G2-structures in this
article using the techniques of exterior differential systems and the moving frame.
After providing necessary background in §2, we begin in §3 by studying λ-quadratic closed G2-
structures from the point of view of exterior differential systems. This is a natural approach to use,
because the system (1.4), viewed as a non-linear second order PDE system for a closed section ϕ
of Ω3(M), is highly overdetermined. We show in §3.3.2 that this PDE system is elliptic modulo
diffeomorphism. However, it turns out that the system is not involutive, even after a prolongation.
In particular, there are several non-trivial conditions that the 2-jet of a quadratic closed G2-structure
must satisfy that are not algebraic consequences of (1.4), as we show in §3.3.3.
The non-involutivity of the system (1.4) is of a sufficiently complicated nature that the existence
of any examples becomes an interesting question. Motivated by the form of the conditions derived
in §3.3.3, in §4 and §5 we study quadratic closed G2-structures satisfying an additional first order
condition, which we describe now.
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1.1.1. Special torsion. The torsion 2-form τ of a closed G2-structure ϕ takes values in a 14-dimensional
subbundle of Λ2T ∗M that is modeled on the Lie algebra g2. Under the adjoint action of G2, the
generic element of g2 is stabilised by a maximal torus, but there are two exceptional G2-orbits in
g2 consisting of elements stabilised by subgroups of G2 isomorphic to U(2). The elements β of one
of these G2-orbits, thought of as 2-forms β satisfy β
3 = 0 and we call these elements positive, while
the elements of the other G2-orbit satisfy |β3|2 = 23 |β|6 and we call these elements negative. The
stabiliser of a positive element is not conjugate in G2 to the stabiliser of a negative element, despite
the fact that both groups are isomorphic to U(2).
Definition 1.2 (§3.4). A closed G2-structure ϕ said to have special torsion of positive (resp. nega-
tive) type if the torsion 2-form τ of ϕ is positive (resp. negative).
In §4 and §5, we study the λ-quadratic condition under the assumption that ϕ has special torsion.
This assumption simplifies considerably the conditions derived in §3.3.3 and allows us to prove
powerful existence and classification results under certain natural conditions.
1.1.2. Positive type. In §4, we study λ-quadratic closed G2-structures with special torsion of positive
type. An identity due to Bryant (3.21) implies that the only possibility for λ in this case is 1/6, so
every structure of this type is ERP.
When a closed G2-structure ϕ onM has special torsion of positive type, the torsion form τ defines
a U(2)-structure on M canonically associated to ϕ. The ERP condition places strong restrictions
on the geometry of this U(2)-structure, as we show in §4.1. It turns out that when ϕ is ERP the
torsion of the induced U(2)-structure is forced to take values in a vector space of real dimension 53,
whereas the torsion of a generic U(2)-structure in dimension 7 takes values in a vector space of real
dimension 119. The U(2)-irreducible decomposition of the torsion space of an ERP U(2)-structure
allows us to define three natural tensors on such a 7-manifold M, which we denote by A, N, and S,
taking values in vector bundles of ranks 12, 4, and 10 respectively.
In §4.2-4.4, we study the cases where only one of the tensors A, N, or S are nonvanishing (when
all three vanish the structure is locally equivalent to Bryant’s example, as we show in §4.1.3). We
say that an ERP U(2)-structure is of type A (resp. N , S) is of type A (resp. N , S) if A (resp. N,
S) is the only nonvanishing tensor out of A, N, and S.
For structures of type A we have the following result, the details of which are given in Theorem
4.7 and §4.2.
Theorem. There exists a Weierstrass-type formula for ERP U(2)-structures of type A. Given a
holomorphic function of one complex variable, one can construct an ERP closed G2-structure of type
A—and conversely, every such structure can be locally described in this way.
Structures of type N are studied in §4.3. It is shown that every such structure arises as the bundle
of compatible metrics over a 4-manifold X carrying an S1 · SL(2,C)-structure of a special type. The
fibres of this bundle are all isometric to hyperbolic 3-space. Unfortunately we are not able to fully
understand the 4-manifolds X carrying these S1 ·SL(2,C)-structures. However, in §4.3.1 we identify
a subclass of these structures that admit a Weierstrass formula similar to the type A case. This is
recorded in Theorem 4.9.
In §4.4, we study structures of type S. We show that these structures are all foliated by flat
coassociative submanifolds. Baraglia [3] has studied general closed G2-structures ϕ fibred by flat
coassociative tori and shown that such structures are equivalent to 3-dimensional space-like sub-
manifolds of the pseudo-Euclidean space R3,3. The condition that ϕ be torsion-free is equivalent to
the 3-submanifold being maximal (i.e. having vanishing mean curvature vector). In the ERP case
we prove the following analogous result, the details of which are given in Theorem 4.13.
Theorem. An ERP U(2)-structure of type S is equivalent to a maximal space-like submanifold of
the 5-dimensional quadric of vectors of norm −1 in R3,3.
Every previously known example of an ERP closed G2-structure turns out to be of type S. In
§4.4.2 we study the known examples from this point of view and give new examples. In particular, in
Example 4.21 we demonstrate the existence of a complete inhomogeneous ERP closed G2-structure,
the first such example known.
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Theorem. There exists a complete ERP closed G2-structure which is not homogeneous.
The structures of type S are also interesting from the point of view of the Laplacian flow (1.3).
We prove the following result in §4.1.4, where it appears as Theorem 4.22.
Theorem. The universal cover of an ERP U(2)-structure of type S is a soliton for the Laplace flow.
This result provides an explanation for the observation of Lauret–Nicolini that all of the left-
invariant ERP closed G2-structures appearing in their classification (which are all of type S) were
solitons for the Laplace flow.
In §4.5, we give a classification result for homogeneous ERP closed G2-structures.
Theorem. An ERP closed G2-structure ϕ admitting a transitive action of diffeomorphisms preserv-
ing ϕ is equivalent, up to rescaling, to one of the 5 examples listed in Theorem 4.25.
Each of the examples presented in Theorem 4.25 is equivalent to an example in the Lauret–Nicolini
classification of left-invariant ERP closed G2-structures on Lie groups, so there are no essentially
new examples appearing in the classification. On the other hand, for some of their examples the
classification reveals the existence of additional automorphisms, showing that these G2-structures
are better presented as homogeneous spaces with non-trivial isotropy rather than as Lie groups.
Taken together, the results of §4 provide many new examples of ERP closed G2-structures and
shed fresh light on the existing examples.
1.1.3. Negative type. In §5, we study λ-quadratic closed G2-structures with special torsion of nega-
tive type. We follow the same approach as in §4, studying the geometry of the U(2)-structure on M
induced by the torsion form τ of ϕ. The subgroup U(2) appearing in this section is not conjugate
to the subgroup U(2) of §4, and this lends the constructions of this section a different flavour.
Our first results, Theorems 5.1 and 5.2, restrict the possible values of λ in this situation to a finite
set and show that complete examples of this type do not exist.
Theorem. Let (M,ϕ) be a λ-quadratic closed G2-structure with special torsion of negative type.
Then λ is equal to −1, −1/8, 2/5, or 3/4.
Theorem. Let (M,ϕ) be a λ-quadratic closed G2-structure with special torsion of negative type.
Then the induced metric gϕ is incomplete.
It turns out (see Proposition 5.3) that the geometry of M is determined completely by the
geometry of any of the 6-manifolds N defined by
{|τ |2 = const} . In §5.2-5.5 we study the geometry
of N in each of the four possible cases λ = −1, −1/8, 2/5, or 3/4. Existence of λ-quadratic closed
G2-structures for each of these λ-values follows from the results in these sections.
Theorem. There exist λ-quadratic closed G2-structures with special torsion of negative type for
each of the possible λ values −1, −1/8, 2/5, or 3/4. Furthermore, there exist infinitely many local
examples of these structures for each of the possible values of λ.
The results of §5 expand considerably the set of known values of λ for which λ-quadratic closed
G2 structures can exist and show that for these λ values there are relatively many local solutions
to the system (1.4). We note that in §3.5 we construct a single example of a 1/3-quadratic closed
G2-structure that does not have special torsion. This is noteworthy because, by the results of §4
and §5, the value λ = 1/3 cannot occur in the special torsion cases.
1.1.4. Laplace solitons. A closed G2-structure ϕ on a 7-manifold M is said to be a Laplace soliton
if there exists a constant c ∈ R and a vector field V ∈ X(M) such that
(1.6) ∆ϕ ϕ = c ϕ+ LV ϕ.
If c is positive, zero, or negative, the soliton is called expanding, steady, or shrinking respectively.
When the vector field V is the gradient of a function f on M the soliton is called a gradient soliton.
Laplace solitons are exactly the solutions of the Laplacian flow equation (1.3) that evolve under
the flow by diffeomorphisms and scaling, and it is expected that they will play an important role in
understanding the long-term behaviour of general solutions.
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In §6, we give two families of examples of complete steady gradient Laplace solitons. These
examples are inhomogeneous, unlike all of the other previously known examples of Laplace solitons
[9,11,13,19,20,26], and to our knowledge they are the first known examples of gradient solitons. Our
examples are topologically products R × N, where in the first family of examples N is the twistor
space over an anti-self-dual Ricci-flat 4-manifold, and in the second family N is a certain T2-bundle
over a suitable hyperka¨hler 4-manifold. Both families of examples consist of infinitely many distinct
structures, even when N is assumed compact. The form of the G2-structure on R × N for these
examples is motivated by the results of §5.
The first family of examples is discussed in §6.1 and the second family is discussed in §6.2. In
both cases, the G2-structure is given explicitly in terms of the geometry of N and functions of the
coordinate in the R-direction. We also give a description of the asymptotics of the examples as we
move towards negative and positive infinity in the R-direction.
1.2. Acknowledgments. The majority of the work in this article appeared in my 2019 Duke Uni-
versity PhD thesis [1]. I thank my advisor Robert Bryant for his encouragement and for many
helpful discussions. I would also like to thank the Simons Foundation for funding as a graduate stu-
dent member of the Simons Collaboration on Special Holonomy in Geometry, Analysis and Physics
during my graduate studies.
2. Preliminaries
This section provides background on the theory of G-structures and the group G2 that will be
used in the rest of the article.
2.1. G-structures. We give here a brief description of the concept of a G-structure, as most of the
calculations and results in this article will be phrased in this language.
Definition 2.1. Let M be an n-dimensional manifold and W a vector space of dimension n. A
coframe at p ∈ M is a linear isomorphism up : TpM → W. The set of all coframes on M, endowed
with the group action u · g = g−1 ◦ u, is a principal right GL(W )-bundle over M , called the coframe
bundle of M and denoted by F (M) .
Definition 2.2. Let G be a subgroup of GL(W ). A G-structure on a manifold M is a principal
G-subbundle of the coframe bundle F (M) .
An important feature of the coframe bundle F(M) that is inherited by any G-structure over M
is the existence of a canonical V -valued 1-form ω.
Definition 2.3. For any G-structure B ⊂ F(M), the tautological 1-form ω is defined by
ω (v) = u (π∗ (v)) for all v ∈ TuB,(2.1)
where π : B→M is the bundle projection.
The tautological form ω on B may be thought of as the pullback of the tautological form on
the coframe bundle F(M) via the inclusion B ⊂ F(M). The form ω is π-semibasic and has the
reproducing property η∗(ω) = η for any local section η of B. The most important property of ω is
that it detects diffeomorphisms of the base manifold M respecting the G-structure B.
Definition 2.4. If M and N are smooth n-manifolds and f : M → N is a local diffeomorphism,
then a smooth bundle map f˜ : F(M)→ F(N) covering f is defined by the rule
f˜ (u) = u ◦ f−1∗ .(2.2)
The map f 7→ f˜ is functorial and covariant, and f˜ is a diffeomorphism.
Theorem 2.5. If f : M → N is a diffeomorphism and B and C are G-structures over M and N
respectively satisfying f˜(B) = C, then f˜∗ωB = ωC.
Conversely, if U ⊂ B is an open subset of a G-structure on M with the property that its π-fibres
are connected and φ : U→ C is any smooth mapping satisfying φ∗ωC = ωB, then there exists a unique
smooth mapping f : π (U)→ N that satisfies f ◦ πB = πC ◦ g. Moreover, f is a local diffeomorphism
and g is the restriction to U of f˜ .
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Theorem 2.5 is the foundation of Cartan’s method of equivalence. It is often used in conjunction
with the following classical result, known as Cartan’s Theorem on Maps into Lie Groups :
Theorem 2.6. [5,15] Let G be a Lie group with Lie algebra g, and let ω ∈ Ω1(G; g) be the Maurer-
Cartan form on G. Let P be a connected, simply-connected manifold admitting a g-valued 1-form
µ ∈ Ω1(P ; g) satisfying dµ = −µ∧µ. Then there exists a map F : P → G, unique up to composition
with left-translation in G, such that F ∗ω = µ.
2.2. The group G2. Let V = R
7, and let e1, ..., e7 denote the canonical basis of V ∗. Using the
shorthand notation eijk = ei ∧ ej ∧ ek for wedge products, the element
φ = e123 + e145 + e167 + e246 − e257 − e347 − e356
will be called the standard 3-form on V, and the group G2 is defined by
G2 = {A ∈ GL(V ) | A∗φ = φ}.
The action of G2 on V preserves the metric
gφ =
(
e1
)2
+
(
e2
)2
+
(
e3
)2
+
(
e4
)2
+
(
e5
)2
+
(
e6
)2
+
(
e7
)2
and volume form
volφ = e
1 ∧ e2 ∧ e3 ∧ e4 ∧ e5 ∧ e6 ∧ e7,
and it follows that G2 is a subgroup of SO(7). The Hodge star operator determined by gφ and volφ
is denoted by ∗φ. Note that G2 also fixes the 4-form
∗φφ = e4567 + e2367 + e2345 + e1357 − e1346 − e1256 − e1247.
The GL(V )-orbit of φ is open in Λ3V ∗, and will be denoted by Λ3+V
∗.
2.2.1. Bryant’s ε symbol. When working with the group G2 it is often very convenient to use an
ε-notation introduced by Bryant [7]. Let ε denote the unique symbol that is skew-symmetric in
three or four indices and satisfies
φ = 16εijke
ijk,(2.3a)
∗φφ = 124εijkleijkl.(2.3b)
The ε symbol satisfies various useful identities [7].
2.2.2. Representation theory of G2. The group G2 is a compact simple Lie group of rank two. Thus,
each irreducible representation of G2 is indexed by a pair of integers (p, q) corresponding to the
highest weight of the representation with respect to a fixed maximal torus in G2 endowed with a
fixed base for its root system. The irreducible representation associated to (p, q) is denoted by Vp,q.
The fundamental representation V1,0 is the standard representation V = R
7 used to define the
group G2. In fact, the representation Vp,0 for p ≥ 0 is isomorphic to Symp0(V1,0), so these irreducible
SO(7)-representations remain irreducible when restricted to G2.
The other fundamental representation of G2, V0,1, is isomorphic to the adjoint representation g2.
The Lie algebra g2 may be defined in components using the ε symbol as
(2.4) g2 =
{
aijei ⊗ ej | aij = −aji, εijkajk = 0
}
.
The only other G2-representations that will appear in this work are V1,1 and V0,2. We have
V0,2 =
{
sijklei ⊗ ej ⊗ ek ⊗ el
sijkl = −sjikl, sijkl = sklij ,
εijksjklm = 0, sijik = 0, sijjk = 0
}
,(2.5)
V1,1 =
{
cijkei ⊗ ej ⊗ ek | cijk = −cikj , εmjkcijk = 0, εmijcijk = 0
}
.(2.6)
The exterior powers of the standard representation V decompose as follows
Λ2(V ∗) = Λ27 ⊕ Λ214,(2.7a)
Λ3(V ∗) = Λ31 ⊕ Λ37 ⊕ Λ327,(2.7b)
Λ4(V ∗) = Λ41 ⊕ Λ47 ⊕ Λ427,(2.7c)
Λ5(V ∗) = Λ57 ⊕ Λ214,(2.7d)
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Stabiliser U(2)+
Stabiliser U(2)−
Generic stabiliser
Figure 1. A root diagram for g2
where
Λ27 =
{∗φ (α ∧ ∗φφ) | α ∈ Λ1(V ∗)} ∼= V ∼= V1,0(2.8a)
Λ214 =
{
β ∈ Λ1(V ∗) | β ∧ φ = 2 ∗φ β
} ∼= g2 ∼= V0,1,(2.8b)
Λ31 = {rφ | r ∈ R} ∼= R ∼= V0,0(2.8c)
Λ37 =
{∗φ (α ∧ φ) | α ∈ Λ1(V ∗)} ∼= V ∼= V1,0,(2.8d)
Λ327 =
{
γ ∈ Λ3(V ∗) | γ ∧ φ = 0, γ ∧ ∗φφ = 0
} ∼= Sym20(V ) ∼= V2,0,(2.8e)
and the Hodge star gives an isomorphism Λpj
∼= Λ7−pj .
2.2.3. The adjoint representation. One can easily check that
t =
{−2fe2 ⊗ e3 + (f + g) e4 ⊗ e5 + (f − g) e6 ⊗ e7 | f, g ∈ R}(2.9)
is an abelian subalgebra of g2, and is therefore a maximal torus.
Now, by Cartan’s Theorem on maximal tori, every element β of Λ214
∼= g♭2 is conjugate to an
element of t♭, so β is conjugate to
τ = −2fe2 ∧ e3 + (f + g) e4 ∧ e5 + (f − g) e6 ∧ e7,(2.10)
for some constants f, g ∈ R. The stabiliser of an element of the maximal torus under the adjoint
action of G2 depends on the value of (f, g) .
When f (f + g) (f − g) g (3f + g) (3f − g) 6= 0, we are in the generic case, and the identity com-
ponent of the stabiliser of τ is just the T2 subgroup of G2 obtained by exponentiating t.
When f (f + g) (f − g) g (3f + g) (3f − g) = 0, the stabiliser is isomorphic to U(2). There are two
cases. We assume τ is non-vanishing.
• If f (f + g) (f − g) = 0, then τ is conjugate to a multiple of e4 ∧ e5 − e6 ∧ e7. Denote the
stabiliser of this element by U(2)+, and its G2-orbit by O
−.
• If g (3f + g) (3f − g) = 0, then τ is conjugate to a multiple of the 2-form −2 e2 ∧ e3 + e4 ∧
e5 + e6 ∧ e7. Denote the stabiliser of this element by U(2)−, and its G2-orbit by O+.
The groups U(2)+ and U(2)− are not conjugate in G2. For example, U(2)− preserves the vector
e1, while the action of U(2)
+ on V ∼= R7 does not preserve any 1-dimensional subspace.
The maximal torus t may be identified with the root space of g2. Figure 1 is a root diagram for
g2, with stabilisers marked.
8 GAVIN BALL
3. Closed G2-structures and the quadratic condition
3.1. Structure equations. Let π : B→M be a G2-structure on a 7-manifold M. A G2-structure
may equivalently be thought of as a 3-form ϕ on M that is everywhere linearly equivalent to the
standard 3-form φ on V ∼= R7. We then have
(3.1) B =
{
u : TxM
∼−→ V | x ∈M,u∗φ = ϕx
}
.
In components, the tautological V -valued 1-form ω on B may be written ω = ωie
i, where ei is the
canonical basis of V ∗ = R7. Then the pullback of ϕ to B is given by
ϕ = 16εijkωi ∧ ωj ∧ ωk.(3.2)
Since G2 is a subgroup of SO(7), a G2-structure ϕ induces on M a metric gϕ, volume form volϕ,
and Hodge star operator ∗ϕ. We have
∗ϕϕ = 124εijklωi ∧ ωj ∧ ωk ∧ ωl,(3.3)
gϕ = ω
2
1 + ω
2
2 + ω
2
3 + ω
2
4 + ω
2
5 + ω
2
6 + ω
2
7,(3.4)
volϕ = ω1 ∧ ω2 ∧ ω3 ∧ ω4 ∧ ω5 ∧ ω6 ∧ ω7.(3.5)
A G2-structure also induces decompositions of the exterior powers Λ
p(T ∗M), corresponding to
the decompositions (2.7) given above.
Let FSO(7) denote the oriented orthonormal coframe bundle of the metric gϕ, and SO(7)-structure
on M. There is an inclusion B ⊂ FSO(7). By the Fundamental Lemma of Riemannian Geometry,
there exists a unique so(7)-valued 1-form ψ = ψijei ⊗ ej, the Levi-Civita connection form of gϕ, so
that the equation
(3.6) dωi = −ψij ∧ ωj
holds on FSO(7).
Restricted to B ⊂ FSO(7), the Levi-Civita 1-form ψ is no longer a connection 1-form in general.
According to the splitting so(7) = g2 ⊕ V , there is a decomposition
(3.7) ψij = θij + εijkγk.
Here, θ = θijei⊗ej is a g2-valued connection form on B (the natural connection on B in the parlance
of G-structures), and γ = γiei is a V -valued π-semibasic 1-form on B. Since γ is π-semibasic,
(3.8) γi = Tijω
j
for some End(V )-valued function T = Tijei ⊗ ej : B → End(V ). The 1-form γ, and hence the
functions Tij , encodes the torsion of the G2-structure ϕ.
Definition 3.1. The G2-structure B is called closed if the 3-form ϕ is closed, i.e. if dϕ = 0.
From differentiating equation (3.2), closure of ϕ, i.e. the equation dϕ = 0, is equivalent to T
taking values in g2 ⊂ End(V ), i.e. the equation εijkTij = 0. The function T is known as the
torsion tensor of the closed G2-structure ϕ. It follows from the general theory of equivalence that
the function T is a complete first-order diffeomorphism invariant of ϕ.
Definition 3.2. The 2-form τ˜ on B defined by
(3.9) τ˜ = 3Tijωi ∧ ωj
is invariant under the G2-action on B and is thus the pullback to B of a well-defined 2-form on M,
which will be denoted by τ. This 2-form τ is an element of Ω214(M), and is called the torsion 2-form
of the closed G2-structure ϕ.
The torsion 2-form τ of a closed G2-structure satisfies
(3.10) d ∗ϕϕ = τ ∧ ϕ.
In fact, equation (3.10) is often taken to be the definition of τ.
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Substitution of equation (3.8) into equation (3.6) gives Cartan’s first structure equation for closed
G2-structures,
dωi = −θij ∧ ω + εijkTklωj ∧ ωl.(3.11)
The structure equations for closed G2-structures can be developed further [2]. There exist func-
tions H : B → V2,0, C : B → V1,1, and S : B → V0,2 such that Cartan’s second structure equations
for closed G2-structures are satisfied:
dTjk = Cijkωi + (εjklHli + 3εkilHlj + 3εlijHlk)ωi + Tjlθlk − Tklθlj ,(3.12)
dθij = −θik ∧ θkj + (Sijkl + J(H,T )ijkl + r(T )ijkl + εmklCijm + εmklL(H,T )ijm)ωk ∧ ωl,(3.13)
where J(H,T )ijkl, r(T )ijkl , and L(H,T )ijm are explicit functions linear in the components H and
quadratic in the components of T given by forumlas (3.23) and (3.24) of [2].
The tensors H and C are irreducible constituents of the covariant derivative of T with respect to
the natural connection defined by θ, while S is a part of the Weyl tensor of gϕ.
The tensors H, C, and S form a complete set of second-order invariants for a closed G2-structure.
In particular, it is possible to express the full Riemann curvature tensor of gϕ in terms of H,C, S,
and Tv[2]. The Ricci tensor of gϕ depends only on T and H, and it is thus possible to express it
in terms of τ and its exterior derivative dτ alone. This has been done by Bryant [7], who gives the
following formulas,
(3.14)
Scal(gϕ) = − 12 |τ |2,
Ric(gϕ) =
1
4 |τ |2 − 14 jϕ
(
dτ − 12 ∗ϕ (τ ∧ τ)
)
,
where jϕ is a certain linear map jϕ : Ω
3 (M)→ Γ (Sym2T ∗M).
3.2. The Laplacian flow. The Laplacian flow is the nonlinear flow equation for a G2-structure ϕ
given by
(3.15) ddtϕ = ∆ϕϕ,
where ∆ϕ is the Laplacian induced by ϕ. When ϕ is closed we have ∆ϕϕ = dτ, and thus the closed
condition is preserved along the flow. On a compact manifold, the fixed points of the Laplacian flow
are exactly the torsion-free G2-structures, and one might na¨ıvely expect to be able to use the flow
to deform an initial closed G2-structure into a torsion-free one. Of course, the situation is likely to
be more complicated than this, and while progress is being made (see [23–25] for example), much
work remains to be done.
A Laplace soliton is a closed G2-structure ϕ satisfying the equation
∆ϕϕ = c ϕ+ LX ϕ(3.16)
for some constant c ∈ R and vector field X ∈ X(M). Laplace solitons are the solutions to (3.15)
that evolve along the flow by scalings and diffeomorphisms, and it is expected that they will play
an important role in modeling the possible singularities of the flow. In §4 and §6 we will construct
several examples of Laplace solitons.
3.3. The quadratic condition. In [7], Bryant introduced a 1-parameter family of equations for
closed G2-structures,
(3.17) dτ = 17 |τ |2ϕ+ λ
(
1
7 |τ |2 + ∗ϕ (τ ∧ τ)
)
,
where λ is a real constant.
Definition 3.3. We shall say a closed G2-structure (M,ϕ) is λ-quadratic if it satisfies (3.17).
Remark 3.4. Bryant explains [7] that (3.17) is the most general way in which dτ can be prescribed
by a natural expression quadratic in τ.
The 3-form dτ pulls back to B to be given by
(3.18) π∗dτ = εikl
(
21Hij − 17TimTmj
)
ωj ∧ ωk ∧ ωl,
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and using this expression, the λ-quadratic equation (3.17) is seen to be equivalent to the following
equation on the tensor H,
(3.19) Hij =
1− 6λ
7
(
TikTkj +
1
7
δijTklTkl
)
.
Much of the interest in λ-quadratic closed G2-structures arises from the fact that several other
interesting equations are equivalent to the λ-quadratic equation for special values of λ:
(1) The metric gϕ is Einstein if and only if ϕ is 1/2-quadratic.
(2) The 3-form ϕ is an eigenform for the Laplace operator induced by gϕ if and only if ϕ is 0-
quadratic. These eigenform closed G2-structures are a special type of soliton for the Laplace
flow, analogous to Einstein metrics for the Ricci flow.
(3) The 1/6-quadratic case is the so-called extremally Ricci-pinched case, discussed below.
(4) Closed G2-structures with gϕ conformally flat are −1/8-quadratic. These structures have
been classified by the author [2].
3.3.1. Extremally Ricci-pinched closed G2-structures. In [7], Bryant proves the following two theo-
rems, which single out the case λ = 1/6 for special attention.
Theorem 3.5 ([7]). Let (M,ϕ) be a closed G2-structure on a compact manifold. If M is λ-quadratic
and ϕ is not torsion-free, then λ = 16 .
Theorem 3.6 ([7]). Suppose (M,ϕ) is a closed G2-structure on a compact manifold that satisfies
(3.20)
∫
M
|Ric0 (gϕ) |2 volϕ ≤ 4k
21
∫
M
|Scal (gϕ) |2 volM
for some constant k ≤ 1.
• If k < 1 then τ = 0, so ϕ is torsion-free.
• If k = 1 then equality holds in (3.20) everywhere on M , and moreover ϕ is 16 -quadratic.
Theorem 3.6 justifies the name extremally Ricci-pinched (or ERP for short) for the 1/6-quadratic
case. Bryant also proves the following theorem which shows that the compact ERP closed G2-
structures have a rich geometric structure.
Theorem 3.7. Let (M,ϕ) be an ERP closed G2-structure on a compact manifold M, and suppose
that ϕ is not coclosed. Then
• |τ |2 is constant,
• τ ∧ τ ∧ τ = 0,
• The simple 4-form τ ∧ τ is closed and coclosed,
• The tangent bundle TM splits as an orthogonal direct sum of two integrable subbundles P and
Q, where P = {v ∈ TM | vy (τ ∧ τ) = 0} has rank 3 and Q = {v ∈ TM | vy ∗ϕ (τ ∧ τ) = 0}
is of rank 4.
The key ingredients to Bryant’s proofs of these theorems are the identities
dτ3 =
3 (6λ− 1)
7
|τ |4volϕ,(3.21)
(3λ− 4)d (|τ |2) = 7λ (2λ− 1) ∗ϕτ3,(3.22)
valid for any λ-quadratic closed G2-structure.
3.3.2. The characteristic variety. We now use the structure equations for closed G2-structures to
further investigate equation (3.17) from the point of view of exterior differential systems. Our first
result concerns the characteristic variety associated to the system.
Proposition 3.8. The real characteristic variety associated to the system (3.17) is empty.
Proof. The system (3.17) is equivalent to the condition (3.19) on the tensor H . Inspecting (3.12),
the tableau V1,1 ⊂ Hom(V0,1,V1,0) is seen to be a part of the tableau of free derivatives for this
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system. Let ΞR denote the real characteristic variety associated to V1,1 ⊂ Hom(V1,0,V0,1) . Then
ΞR provides an upper bound for the characteristic variety of (3.17). We have
(3.23) ΞR =
{
[ξ] ∈ PV∗1,0 | ∃0 6= β ∈ V0,1 s.t. β ⊗ ξ ∈ V1,1 ⊂ V0,1 ⊗ V∗1,0
}
.
The decomposition of V0,1 ⊗ V∗1,0 into G2 irreducibles is V0,1 ⊗ V∗1,0 ∼= V1,1 ⊕ V2,0 ⊕ V1,0. The map
Λ17⊗Λ214 → Λ31⊕Λ37⊕Λ327 induced by the wedge product has image Λ37⊕Λ327 and gives a projection
of V0,1⊗V∗1,0 onto V2,0⊕V1,0. It follows that β⊗ξ ∈ V1,1 ⊂ V0,1⊗V∗1,0 if and only if β∧ξ = 0, where
we think of β as a 2-form and ξ as a 1-form. This immediately gives that ΞR is empty, since there
are no elements β of V0,1 ∼= g2 that are decomposable as 2-forms (this can been seen by conjugating
so that β lies in a maximal torus). 
Proposition 3.8 essentially states that the system (3.17) is elliptic (modulo diffeomorphisms).
Corollary 3.9. Closed G2-structures ϕ satisfying the λ-quadratic condition (3.17) are real analytic
in gϕ-harmonic coordinates.
Remark 3.10. The proof of Proposition 3.8 implies that any system of equations for a closed G2-
structure that amounts to prescribing the tensor H has empty real characteristic variety.
3.3.3. Non-involutivity. To continue the study of the λ-quadratic condition (3.17) from the point
of view of exterior differential systems, we need to develop the structure equations to third order.
Define a V2,0-valued function H˜ on B by
(3.24) H˜ij =
1− 6λ
7
(
TikTkj +
1
7
δijTklTkl
)
−Hij ,
so that H˜ = 0 precisely when ϕ is λ-quadratic. Let ∇ denote the covariant derivative associated to
the natural connection θ. Now,
∇H˜ takes values in V2,0 ⊗ V1,0 ∼= V3,0 ⊕ V1,1 ⊕ V2,0 ⊕ V0,1 ⊕ V1,0,
∇C takes values in V1,1 ⊗ V1,0 ∼= V2,1 ⊕ V0,2 ⊕ V3,0 ⊕ V1,1 ⊕ V2,0
⊕ V0,1,
∇S takes values in V0,2 ⊗ V1,0 ∼= V1,2 ⊕ V2,1 ⊕ V1,1.
(3.25)
Solving the equations d2T = 0, d2θ = 0 yields various relations between the components of these
tensors. When H˜ = 0, we have ∇H˜ = 0 as well, and the equations for [∇H˜ ]1,0 and [∇H˜ ]2,0 yield
the following relations,
(3λ− 4)CijkTjk + 127 (8λ+ 1) (5λ− 2) εijkTjlTlmTmk = 0,(3.26a)
λ (εilmCljrTmr + εjlmClirTmr) = 0.(3.26b)
Equations equivalent to (3.26) can also be obtained by applying d2 = 0 to (3.17), and they were
obtained by Bryant [7] in this fashion. The advantage of our approach is that it shows that (3.26)
are the only second-order conditions obtained by taking three derivatives of the G2-structure.
The equations (3.26) show that the system (3.19) is not involutive, as explained by Bryant [7]. One
can ask if the system obtained by adjoining the relation (3.26) to (3.17) is involutive. Unfortunately,
this is not the case: differentiating (3.26) yields other second order conditions which are not algebraic
consequences of (3.17) or (3.26). For instance, if we let Z denote the V1,0 component of∇H˜ , then∇Z
must vanish for a solution of (3.17). Now, ∇Z takes values in V1,0⊗V1,0 ∼= V2,0⊕V0,1⊕V1,0⊕V0,0.
Taking the V0,0 part of ∇Z gives the following second-order relation:
(3λ− 4)SijklTijTkl = − 3392
(
27648λ3 − 2484λ2 − 5151λ+ 628) (TijTij)2(3.27)
+ (3λ− 4)CijkCijk.
If we letM denote the V2,0 component of ∇H˜, then a particular combination of the V2,0 components
of ∇Z and ∇M yields another second-order relation, with terms of the form C2, T 4, T 2 · C, and
T 2 · S. Other components of ∇Z and ∇M place certain restrictions on [∇C]3,0 , but we will not list
them here. Further differentiation may yield more restrictions, but at this level the algebra involved
becomes too cumbersome to continue.
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3.4. Special torsion. The non-involutivity of the λ-quadratic condition makes the study of these
structures difficult, and the local existence of any examples becomes an interesting question. Bryant
[7] gives one example of a homogeneous ERP structure, Lauret [20] another, and Lauret–Nicolini
[21, 22] have classified left-invariant ERP structures on Lie groups. Examples with λ = −1/8 and
λ = 2/5 have been given by the author [1]. In §4 and §5 we will give new examples of λ-quadratic
closed G2-structures for λ = −1, −1/8, 1/6, 2/5, and 3/4.
We now describe the idea that allows us to find the examples of §4 and §5. As mentioned before,
the torsion tensor T of a closed G2-structure takes values in the Lie algebra g2. Recall that the
stabilisers of elements of g2 were classified in §2.2.3, and there were two exceptional G2-orbits in g2:
O− and O+, with stabilisers U(2)+ and U(2)− respectively.
Definition 3.11. A closed G2-structure ϕ said to have special torsion of positive (resp. negative)
type if the torsion 2-form τ of ϕ has pointwise stabiliser everywhere conjugate to U(2)+ (resp.
U(2)−).
The special torsion conditions are nonlinear first order conditions on the G2-structure. We have
ϕ has special torsion of positive type ⇐⇒ |τ3|2 = 0,
ϕ has special torsion of negative type ⇐⇒ |τ3|2 = 23 |τ |6.
The special torsion assumption simplifies considerably the identities (3.26) and (3.27) which allows
for the structure equations to be developed further in this setting and enables the classification
theorems and examples of §4 and §5.
More generally, any question that can be asked of closed G2-structures can be restricted to the
setting of special torsion, and may be easier to answer there.
3.5. An example with non-special torsion. In this section we construct an example of a 1/3-
quadratic closed G2-structure. This example is notable because it will be shown in §4 and §5 that
λ = 1/3 cannot occur in the special torsion setting.
Let G be the group SL(2,R)⋉ R4, where SL(2,R) acts on R4 via the irreducible 4-dimensional
representation Sym3R2. Write the left-invariant Maurer-Cartan form on G as


0 0 0 0 0
ν0 3α1 α2 0 0
ν1 3α3 α1 2α2 0
ν2 0 2α3 −α1 3α2
ν3 0 0 α3 −3α1


,(3.28)
and define forms β2, ..., β7, and κ by
β2 = −ν0 + ν2, β3 = ν1 − ν3,
β4 = 2α1, β5 = α2 + α3,
β6 = − 115ν1 − 15ν3, β7 = 15ν0 + 115ν2,
κ = α2 − α3.
The vector dual to the form κ generates an S1-action on G. On R+×G, with coordinate r in the R
direction, define a 3-form ϕ by
(3.29)
ϕ =dr ∧
(
1
r3
β2 ∧ β3 + 6r2β4 ∧ β5 + 15
r2
β6 ∧ β7
)
+
3
r2
(β2 ∧ β4 ∧ β6 − β2 ∧ β5 ∧ β7 − β3 ∧ β5 ∧ β6 − β3 ∧ β4 ∧ β7) .
Then ϕ descends to the space M = R+×G/S1 to define a 1/3-quadratic closed G2-structure on M.
A simple calculation using the structure equations of G gives that τ has pointwise stabiliser T2.
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4. Quadratic closed G2-structures with special torsion of positive type
This section is devoted to the study of λ-quadratic closed G2-structures with special torsion of
positive type. The elements β ∈ Λ214 with this stabiliser type are characterised by the condition
β3 = 0. Thus, by equation (3.21), λ = 1/6 and this section deals exclusively with ERP closed
G2-structures. We also remark that by Bryant’s Theorem 3.7, an ERP closed G2-structure on a
compact 7-manifold has special torsion of positive type.
4.1. The induced U(2)+-structure. Let (M,ϕ) be an ERP closed G2-structure such that τ has
stabiliser everywhere conjugate to U(2)+. By equation (3.22), |τ |2 is constant. In particular, if the
G2-structure is not torsion-free then the torsion 2-form is non-zero everywhere. We may then adapt
frames and define a U(2)+-subbundle Q ⊂ B by
(4.1) Q = {u : TxM → V | u ∈ Bx, u∗k (e4 ∧ e5 − e6 ∧ e7) = τ} ,
where k is a non-zero constant. We emphasise that the construction of Q depends only on the
G2-structure ϕ, and so Theorem 2.5 can be used to test for equivalence of the G2-structures.
The action of U(2)+ on the standard representation V ∼= R7 of G2 is reducible: we have V ∼=
〈e1, e2, e3〉 ⊕ 〈e4, e5, e6, e7〉 ∼= R3 ⊕ C2. We split the V -valued tautological 1-form ω accordingly as
ω = ν + η. Explicitly, define complex-valued 1-forms ηa and νab¯ = −νba¯ on Q by
ν11¯ = −iω1, η1 = ω4 + iω5,
ν12¯ = −ω2 + iω3, η2 = −ω6 + iω7,
ν22¯ = iω1.
Throughout the rest of this section, 1 ≤ a, b, c, . . . ≤ 2 will be indices obeying the complex
Einstein summation convention, meaning that any pair of barred and unbarred indices is implicitly
summed over. We will also make use of an ε-symbol with two such indices, defined to be the unique
skew-symmetric symbol satisfying ε12 = 1/2.
The natural g2-valued connection form θ also splits. There is a U(2)
+-invariant decomposition
(4.2) g2 = u(2)
+ ⊕ C⊕ Sym3C2,
and θ decomposes accordingly as θ = κ+ξ+σ. Explicitly, define complex-valued 1-forms κab = −κba¯,
ξ, and σabc = σbac = σacb by
κ11¯ = −iθ45, σ111 = 12 (θ35 − θ24)− i2 (θ25 − θ34) ,
κ12¯ =
1
2 (θ57 − θ46)− i2 (θ47 + θ56) , σ112 = 12 (θ26 − θ37)− i2 (θ27 + θ36) ,
κ22¯ = iθ67, σ122 =
1
2 (θ35 − θ24)− i2 (θ25 + θ34) ,
ξ = 12 (θ46 + θ57)− i2 (θ47 − θ56) , σ222 = 12 (θ26 + θ37)− i2 (θ27 − θ36) .
The u(2)-valued 1-form κ is the connection form associated to the natural connection on the U(2)+-
structure Q, while the 1-forms ξ and σ are are semibasic for the projection Q→M.
4.1.1. Structure equations. The first structure equation on B (3.11) restricted to Q reads
(4.3)
dηa = −κab¯ ∧ ηb + ikνab¯ ∧ ηb + εabξ ∧ ηb − 2εbeσabc ∧ νec¯,
dνab¯ = −κac¯ ∧ νcb¯ + κcb¯ ∧ νac¯ − 2εcbσacd ∧ ηd + 2εcaσbcd ∧ ηd.
On Q, the G2 3-form ϕ, 4-form ∗ϕϕ, and torsion 2-form τ are given by
(4.4)
ϕ = − 112νab¯ ∧ νbc¯ ∧ νca¯ + 12νab¯ ∧ ηa ∧ ηb,
∗ϕϕ = − 14εabεcdηa ∧ ηb ∧ ηc ∧ ηd + 14νab¯ ∧ νbc¯ ∧ ηa ∧ ηc,
τ = 3ik ηa ∧ ηa.
The ERP condition (3.17) implies that
(4.5) d (i ηa ∧ ηa) = 2k νab¯ ∧ ηa ∧ ηb.
Equation (4.5) together with its exterior derivative
(4.6) d (νab¯ ∧ ηa ∧ ηb) = 0
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implies that there exist complex-valued functions Aabcde, Sabcd, and Na on Q, each fully symmetric
in their indices, such that
(4.7)
σabc = Sabcdηd − 2εdfAabcdeνfe¯,
ξ = Naηa.
Substituting these equations into (4.3) yields Cartan’s first structure equation for Q :
(4.8)
dηa = −κab ∧ ηb + ikνab ∧ ηb + εabNcηc ∧ ηb − 2εbeSabcdηd ∧ νec,
dνab¯ = −κac¯ ∧ νcb¯ + κcb¯ ∧ νac¯ + 4εcbεegAacdefνgf¯ ∧ ηd
+ 4εcaεegAbcdefνfg¯ ∧ ηd.
An immediate consequence of (4.8) is that the orthogonal distributions defined by ν = 0 and
η = 0 are integrable. In fact, these distributions are exactly the integrable distributions P and Q
defined in Theorem 3.7. The torsion 2-form τ restricts to a symplectic 2-form on each 4-dimensional
integral manifold of ν = 0, and together with the restriction of the metric gϕ this defines an almost
Ka¨hler structure on these integral manifolds.
Remark 4.1. The torsion of a general U(2)+-structure on a 7-manifold is a section of a vector bundle
of dimension
(4.9) dim
(
so(7)
u(2)
⊗ R7
)
= 119.
The calculations above show that the torsion of the U(2)+-structure Q associated to an ERP G2-
structure takes values in a 53-dimensional subspace. Conversely, any U(2)+-structure with torsion
taking values in this 53-dimensional subspace gives rise to a unique ERP closed G2-structure.
Remark 4.2. The ERP condition is invariant under rescaling the G2-structure ϕ by a non-zero
constant. Under the condition τ3 = 0, we see that the ERP condition is also invariant under the
two-parameter family of rescalings ν˜ = a ν, η˜ = b η for non-zero constants a and b. Under such a
rescaling, the torsion functions A, S, and N, and the constant k scale as
(4.10) A˜ =
1
b
A, S˜ =
1
a
S, N˜ =
1
b
N, k˜ =
1
a
k.
The group U(2)+ does not appear in the list of possible holonomy groups of a 7-dimensional
manifold, so a torsion-free U(2)+-structure is flat. It follows that the Bianchi identities d2η = d2ν = 0
express the curvature of the natural connection κ as a function of the torsion terms A,S,N, their
derivatives, and k. We do not record the result of this calculation here as we will not use it in this
generality.
At this point, the natural way forward is to apply the techniques of [4] to try to determine the
existence and generality of these structures. However, a calculation shows that the Jacobi manifold
defined by (4.8) and the equation for dκ is not involutive. Prolonging once does not yield any
new integrability conditions, but the tableau of free derivatives is not involutive. Prolonging once
more does give new integrability conditions, so the exterior differential system associated to this
type of structure is not involutive. Unfortunately, the integrability conditions are of an algebraically
complicated nature and this precludes further investigation of the general ERP structure with special
torsion. Instead, we will restrict to special cases defined by first order conditions.
4.1.2. Invariants on the base. Each of the functions A, S, and N take values in an irreducible
representation of U(2), and the following tensors are well-defined on the manifold M :
(4.11)
A = Aabcdeηaηbηcηdηe ⊗ (η1 ∧ η2)1/2 ∈ Sym5CC2 ⊗
(
Λ2CC
2
)1/2
,
S = Sabcdηaηbηcηd ⊗ (η1 ∧ η2) ∈ Sym4CC2 ⊗ Λ2CC2,
N = Naηa ⊗ (η1 ∧ η2)3/2 ∈ C2 ⊗
(
Λ2CC
2
)3/2
.
The tensor A at a point p ∈ M can be identified with the second fundamental form at p of the
leaf of the distribution ω = 0 passing through p, while the tensor S at p can be identified with the
second fundamental form at p of the leaf of ν = 0 through p. The tensor N can be identified with
the Nijenhuis tensor of the almost complex structure induced on the leaves of ν = 0.
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4.1.3. Bryant’s example. The first example of an ERP closed G2-structure was given by Bryant [7].
Let G be the group of affine transformations of C2 that preserve the complex volume form up to
phase. Bryant’s example is an ERP closed G2-structure on the homogeneous space G/U(2). We can
give an interpretation of this example in the context of U(2)+-structures.
Theorem 4.3. A U(2)+-structure is locally equivalent to Bryant’s example (up to rescaling) if and
only if the torsion functions A,S, and N vanish identically.
Proof. Suppose that Q → M is a U(2)+-structure with A = P = Z = 0. Then the first structure
equation (4.8) becomes
(4.12)
dηa = −κab ∧ ηb + ik νab ∧ ηb,
dνab¯ = −κac¯ ∧ νcb¯ + κcb¯ ∧ νac¯.
The identities d2ν = d2η = 0 imply
(4.13) dκab¯ = −κac¯ ∧ κcb¯ + k2 νac¯ ∧ νcb¯.
Equations (4.12) and (4.13) are the structure equations for an 11-dimensional Lie group. To
identify this group as the group G of affine transformations of C2 that preserve the standard complex
volume form up the phase, we write G as the group of 3-by-3 complex matrices of the form a b xc d y
0 0 0
(4.14)
with |ad− bc| = 1. The left-invariant Maurer-Cartan form may be written as
µ =
 κ11¯ − ik ν11¯ κ12¯ − ik ν12¯ η1κ21¯ − ik ν21¯ κ22¯ − ik ν22¯ η2
0 0 0
 ,(4.15)
and Maurer-Cartan equation dµ + µ ∧ µ = 0 matches up with the structure equations (4.12) and
(4.13), showing that the U(2)+-structure Q→M is locally equivalent to G→ G/U(2).
The converse statement follows by reversing the above steps. 
Remark 4.4. This theorem can be compared to Theorem 1.2 in [8], which says that if (M,ϕ) is a
manifold with closed G2-structure such that the torsion τ is parallel under the natural G2 connection,
then M is locally equivalent to Bryant’s example. If τ is invariant under ∇ then, using the notation
of the previous section, H = 0 and C = 0. The conditions A = S = N = 0 are equivalent to the
vanishing of C, and H = 0 is simply the ERP condition.
4.1.4. Evolution under Laplacian flow. The evolution of ERP U(2)+-structures under the Laplacian
flow (3.15) is now simple to compute. From the form (4.5) of dτ, the subbundles defined by the
vanishing of ν and η are preserved. In fact, we have ν(t) = ν(0), η(t) = exp(6ct)η(0), and the
1-parameter family of closed G2-structures
(4.16)
ϕ(t) = − 112νab¯ ∧ νbc¯ ∧ νca¯ + 12νab¯ ∧ ηa ∧ ηb,
= ω123 + e
12kt (ω145 + ω167 + ω246 − ω257 − ω347 − ω356)
solves the Laplacian flow equation. Thus, the Laplacian flow simply moves the U(2)+-structure
along the rescaling of Remark 4.2. In particular, the ERP condition is preserved. This result has
been found independently by Fino–Raffero [12].
4.2. Type A. We shall say that the U(2)+-structure Q is type A if A is the only non-vanishing
torsion function, i.e. if S = N = 0 on Q.
If Q is type A, then the structure equations (4.8) become
(4.17)
dθa = −κab ∧ θb + ikνab ∧ θb,
dνab¯ = −κac¯ ∧ νcb¯ + κcb¯ ∧ νac¯ + 4εcbεegAacdefνgf¯ ∧ ηd
+ 4εcaεegAbcdefνfg¯ ∧ ηd.
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The equations d2θ = d2ν = 0 then imply that the tensor A must satisfy
(4.18) εbgεchεdiεejAabcdeAfghij = 0, a, f = 1, 2.
This equation forces A to take a special algebraic form.
Lemma 4.5. Equations (4.18) hold if and only if the tensor A (4.11) has a quadruple linear factor
at each point of M .
Proof. Equations (4.18) are invariant under the action of SL2C on Sym
5
C2, not just the group U(2).
If A has three distinct linear factors at some point p ∈M, then we may act by an element of SL2C
so that they are η1 = 0, η2 = 0, and η1 − η2 = 0, and A is of the form η1η2 (η1 − η2)Q for some
quadratic polynomial in η1 and η2. A simple calculation shows that equations (4.18) imply that
Q = 0.
Conversely, if A has a quadruple linear factor, we may act by an element of SL2C so that A = η
4
1L
for some linear factor L. A simple calculation shows that equations (4.18) are satisfied. 
We now suppose that A is non-vanishing on Q, and restrict to the T2-bundle Q1 ⊂ Q where
A = η41L for some linear factor L. On Q1,
(4.19) A11122 = A11222 = A12222 = A22222 = 0.
Let us write A11111 = A1, A11112 = A2 on Q1. The equations d
2ν = 0, d2η = 0 imply that
(4.20) dκi¯i =
(|A1|2 + 4|A2|2) θ1 ∧ θ1 +A1A2θ1 ∧ θ2 +A1A2θ2 ∧ θ1 + |A2|2θ2 ∧ θ2,
and the equation d2κi¯i = 0 implies that A1 = 0 or A2 = 0.
If A1 = 0, then the equations d
2ν = 0, d2η = 0, d2A2 = 0 imply that A2 = 0 as well, so we always
have A2 = 0. Thus, A has a linear factor of multiplicity 5.
Now, solving the equations d2ν = 0, d2η = 0, d2κ = 0, we find that
(4.21) κ12¯ = ik ν12¯,
and that there exists a complex valued function B1 on Q1 so that the following equations hold
(4.22)
dν11¯ = 0,
dν12¯ = (κ22¯ − κ11¯) ∧ ν12¯ − 2ik ν11¯ ∧ ν12¯ −A1 ν12¯ ∧ η1,
dη1 = −κ11¯ ∧ η1 + ik ν11¯ ∧ η1,
dη2 = −κ22¯ ∧ η2 − 2ikν12¯ ∧ η1 − ik ν11¯ ∧ η2,
dκ11¯ = |A1|2η1 ∧ η1,
dκ22¯ = 0,
dA1 = −3A1 κ11¯ + 2A1 κ22¯ − ikA1 ν11¯ +B1η1.
Proposition 4.6. The U(2)+-structures of type A exist locally and depend on 2 functions of 1
variable.
Proof. This is a simple application of Cartan’s work on prescribed coframing problems (see [4] for a
modern treatment), so we omit the details. 
4.2.1. Integrating the structure equations. The characteristic variety of the prescribed coframing
problem associated to the structure equations (4.22) is given by the pair of complex conjugate
points η1, η1. This suggests that is may be possible to find an description of the structures of type
A in terms of holomorphic data.
The conditions dν11¯ = dκ22¯ = 0 imply that locally there exist real-valued functions r and s on
M such that ν11¯ = ir, κ22¯ = is. Defining complex-valued 1-forms ν1, θ1, θ2 and a complex-valued
function W on Q1 by
(4.23)
ν1 = e
−2kr−isν12¯, θ1 = e
krη1,
W = e−kr−2isA1, θ2 = e−kr+isη2,
X = e−2kr−2isB1,
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equations (4.22) imply
(4.24)
dν1 = −κ11¯ ∧ ν1 −Wν1 ∧ θ1,
dθ1 = κ11¯ ∧ θ1,
dθ2 = 2ik θ1 ∧ ν1,
dW = −3W κ11¯ +Xθ1.
These are the structure equations for an S1-structure on the six-dimensional level sets of the function
r on M. The forms ν1, θ1, and θ2 are semi-basic and are the components of the tautological 1-form
for this structure, and the form κ11¯ is a connection form. Let Nc denote the level set {r = c} ⊂M.
On Nc, the distribution ν1 = θ2 = 0 is integrable. Each leaf of the resulting foliation has a metric
given by the restriction of |W |2θ1 ◦ θ1, and the equations
(4.25)
d (Wθ1) = −2κ11¯ ∧ (Wθ1) ,
dκ11¯ = − (Wθ1) ∧
(
Wθ1
)
,
imply that this metric has constant curvature −4. This implies that locally there exists a complex
coordinate z1 on Nc and a distinguished section of the S
1-structure such that
(4.26) Wθ1 =
dz1
1− |z1|2 , κ11¯ =
1
2
z1dz1 − z1dz1
1− |z1|2 .
The equation
(4.27) d (Wdz1) =
3
2
Wz1
1− |z1|2 dz1 ∧ dz1
implies that
(4.28) W =
h(z1)
(1− |z1|2)3/2
,
for some holomorphic function h(z1). Thus,
(4.29) θ1 =
1
h(z1)
(
1− |z1|2
)1/2
dz1.
The dν1 equation in (4.24) implies
(4.30) d
(
i√
1− |z1|2
(ν1 − z1ν1)
)
= 0,
so we may introduce a local complex coordinate z2 with
(4.31) ν1 =
i√
1− |z1|2
(dz2 − z1dz2) .
Finally, if we let g(z1) be a locally defined holomorphic function satisfying g
′′(z1) = 1/h(z1), the
dθ2 equation in (4.24) implies
(4.32) d
(
θ2 − 2k (g′(z1)dz2 − (z1g′(z1)− g(z1)) dz2)
)
= 0,
so we may introduce a complex coordinate z3 with
(4.33) χ = dz3 + 2k (g
′(z1)dz2 + (z1g′(z1)− g(z1)) dz2) .
We have now proven the first part of the following theorem. The second part follows by reversing
the steps above.
Theorem 4.7. Let M be a 7-manifold with a U(2)+-structure of type A. Then locally there exist
complex coordinates z1, z2, z3, a real coordinate r, a constant k, and a holomorphic function g(z1)
such that the G2 3-form ϕ is given by
ϕ = i2dr ∧
(
e4krν1 ∧ ν1 + e−2krθ1 ∧ θ1 + e2krθ2 ∧ θ2
)
+ 12e
2kr
(
ν1 ∧ θ1 ∧ θ2 + ν1 ∧ θ1 ∧ θ2
)
,
(4.34)
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where ν1, θ1, and θ2 are defined in terms of z1, z2, z3 and g(z1) by equations (4.29), (4.31), and
(4.33) above, where h(z1) = 1/g
′′(z1).
Conversely, on R×C3 with coordinates r, z1, z2, z3, let k be a constant and g(z1) be a meromorphic
function. Define ν1, θ1, and θ2 using the formulas above. Let Σ ⊂ C be the subset of the unit disc
where g′′(z1) has no zeroes or poles. Then (4.34) defines the G2-structure associated to a U(2)+-
structure of type A on R× Σ× C2.
Theorem 4.7 may be thought of as a type of Weierstrass representation for the structures of type
A.
4.3. Type N . Suppose Q →M is a U(2)+-structure of type N , i.e. A and S vanish identically on
Q. Define complex-valued 1-forms πab and a real-valued 1-form ρ by
(4.35) πab = κab¯ − 12δab¯κcc¯ − ikνab¯, iρ = 12κaa¯,
so that πaa = 0 (summation implied). Then, writing θ
a = θa and N
a = Na, the dθ part of the
structure equations (4.8) becomes
(4.36) dθa = −πab ∧ θb − iρ ∧ θa +Naεbcθb ∧ θc.
The dν part of the structure equations (4.8) together with some of the conditions arising from
d2θ = 0 imply
(4.37) dπab = −πac ∧ πcb
Equations (4.36) and (4.37) allow us to reduce the study U(2)+ structures of type N to a 4-
dimensional problem. Consider the action on the total space Q generated by the vector fields dual
to the κ and ν forms. Equation (4.37) implies that this is a free action of the group SL(2,C) · S1.
Denote the 4-dimensional quotient manifold by X. Then (4.36) implies that Q is the total space of
an SL(2,C) · S1-structure over X . An SL(2,C) · S1-structure on a 4-manifold is equivalent to an
almost complex structure and a holomorphic volume form defined up to phase, and the manifold M
is then the bundle of compatible metrics over X, with fibers isometric to (SL(2,C) · S1)/U(2) ∼= H3.
Conversely, suppose Q → X is an SL(2,C) · S1-structure over a 4-manifold X together with a
connection π, ρ satisfying equations (4.36) and (4.37). Then we may define M = Q/U(2) and
consider Q→M as a U(2)+-structure of type N over M by reversing the equations in (4.35).
We now investigate the consequences of equations (4.36) and (4.37). The equation d2θ = 0 implies
(4.38)
dNa = −3iNaρ−N bπab + wθa + uab¯θb,
dρ = iwθ1 ∧ θ2 − iwθ1 ∧ θ2 − 4iεabεcdNaN cθb ∧ θd,
for some complex-valued functions w and ua
b¯
on Q. Next, the equations d2N = 0 and d2ρ = 0 imply
dw = −2iwρ+ 2εabuac¯N cθb + 6εabwNaθb + vaθa,(4.39a)
duab¯ = −ucb¯πac + uac¯πcb − 4iuab¯ρ+ vbθa + 12εbcεdeNaNeN cθd(4.39b)
+ xab¯c¯θ
c − 2wNaεbcθc,
for some complex-valued functions va and x
a
b¯c¯
= xa
c¯b¯
on Q.
Next, the identity d2w ∧ θ1 ∧ θ2 implies
(4.40) 8|w|2 + 3Nava + 3Nava + uab¯uba¯ = 0.
This is an algebraic restriction on the 3-jet of a type N structure only revealed after taking four
derivatives. Thus, the differential system associated to structures of type N is not involutive.
Due to algebraic difficulties encountered in the prolongation process, we will not investigate the
general type N structure further in this article. Instead, we will consider the special case with w = 0,
where we find that the structure equations can be integrated explicitly.
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4.3.1. The case w = 0. We now assume that Q is a U(2)+-structure of type N satisfying the addi-
tional condition that w = 0. Equation (4.39a) implies that
(4.41) uab¯N
b = 0, a = 1, 2,
and it follows that there exist complex-valued functions ua on Q such that
(4.42) uab¯ = 2 εbcu
aN c.
Substituting equation (4.42) into equation (4.39b) we find
(4.43) εabN
aub = 0,
so there exists a complex-valued function u on Q with
(4.44) ua = uNa.
Equations (4.38) now read
(4.45)
dNa = −3iNaρ−N bπab + 2uεbcNaN cθb,
dρ = −4iεabεcdNaN cθb ∧ θd,
and the identity d2Na = 0 implies
(4.46) du = −4iuρ− 2 (3− |u|2) εabNaθb − 2vεabNaθb.
Proposition 4.8. The U(2)+-structures of type N with w = 0 exist locally and depend on 2 functions
of 1 variable.
Proof. This is a simple application of Cartan’s work on prescribed coframing problems (see [4] for a
modern treatment), so we omit the details. 
The characteristic variety of the system associated to structures of type N with w = 0 consists
two conjugate points, εabN
aθb and εabNaθb. This suggests that it may be possible to describe these
structures in terms of holomorphic data.
Motivated by the form of the characteristic variety, define a complex-valued 1-form σ and a
real-valued 1-form α by
(4.47)
σ = −2εabNaθb,
α = ρ+ i4 (uσ − uσ) .
The structure equations (4.36) and (4.45) give that
dσ = −4iα ∧ σ,(4.48)
dα = i2σ ∧ σ.(4.49)
Thus, the distribution defined by the vanishing of σ is integrable, and the metric defined by σ ◦ σ
on the leaf space has constant curvature −4. It follows that there exists a complex-valued function
z1 and a real-valued function s on Q such that
(4.50) σ =
eisdz1
1− |z1|2 , α =
i
4
z1dz1 − z1dz1
1− |z1|2 + ds.
We restrict to the locus where s = 0. This corresponds to reducing the SL(2,C) · S1-structure Q
over X to an SL(2,C)-structure Q′ ⊂ Q. The function z1 is then a complex coordinate on X.
Equation (4.46) implies
d (uσ) = 3σ ∧ σ,(4.51)
so if we let p = u/(1− |z1|2), we find
∂p
∂z1
=
3
(1− |z1|2)2
,(4.52)
which implies
p =
3
z1 (1− |z1|2) + 4 h(z1),(4.53)
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where h(z1) is a locally defined holomorphic function (the factor of 4 is included for later conve-
nience). Thus
u = 3z1 + 4h(z1)
(
1− |z1|2
)
.(4.54)
We then have
ρ =
i
4
3− |z1|2
1− |z1|2
(
dz1
z1
− dz1
z1
)
+ i
(
h(z1)dz1 − h(z1)dz1
)
.(4.55)
Let f(z1) =
∫
h(z1)dz1, and define g(z1) = z
3
4
1 e
f(z1), so that h(z1) =
g′(z1)
g(z1)
− 34z1 . We now observe
that the function G(z1) defined by
G(z1) = log
g(z1)
2|g(z1)|2
(1− |z1|2)
3
2
(4.56)
satisfies d(G(z1)) = uσ − 3iρ. Note also that the connection κ on Q′ is flat. Let ψ : Q′ → SL(2,C)
integrate κ, i.e. ψ−1dψ = κ. The map ψ is unique up to left multiplication by an element of SL(2,C).
By acting by ψ appropriately we may assume that κ = 0 in our structure equations.
Thus
d
(
e−G(z1)N1
e−G(z1)N2
)
= 0,(4.57)
so there exist constants k1, and k2 such that
(
e−G(z1)N1, e−G(z1)N2
)
= (k1, k2) . From the left-
multiplication ambiguity in the definition of ψ we get an SL(2,C) action on (k1, k2), and we may
assume that (k1, k2) = (0, 1) (the case where N = 0 identically having been covered in §4.1.3).
By the definition of σ (4.47) we have
θ1 =
σ
N2
=
eG(z1)
1− |z1|2 dz1 =
(
1− |z1|2
)
g(z1)2|g(z1)|2 ds.(4.58)
The first structure equation (4.36) implies
d
(
θ2
θ2
)
=−
 −i Im
((
1
1−|z1|2 +
2g(z1)
g′(z1)
)
dz1
)
− g(z1)2
g(z1)
2
1
1−|z1|2 dz1
− g(z1)
2
g(z1)2
1
1−|z1|2 dz1 i Im
((
1
1−|z1|2 +
2g(z1)
g′(z1)
)
dz1
)
 ∧ ( θ2
θ2
)
.
Then
d
(
i
(1− |z1|2)
1
2
(
g(z1)
g(z1)
θ2 − z1g(z1)
g(z1)
θ2
))
= 0,(4.59)
and we may introduce a complex-coordinate z2 on X with
θ2 =
(
i
(1− |z1|2)
1
2
g(z1)
g(z1)
(
dz2 − z1dz2
))
.(4.60)
We have now proven the first part of the following theorem. The second part follows by reversing
the steps above.
Theorem 4.9. Let X be a 4-manifold with an SL(2,C) · S1-structure satisfying equations (4.36)
and (4.37) and the condition w = 0. Then locally there exist complex coordinates z1, z2 and a
holomorphic function g(z1) such that
θ1 =
(
1− |z1|2
)
g(z1)2|g(z1)|2 dz1,(4.61)
θ2 =
(
i
(1− |z1|2)
1
2
g(z1)
g(z1)
(
dz2 − z1dz2
))
span the space of (1, 0)-forms, and the complex volume form is given by θ1 ∧ θ2.
Conversely, on C2 with coordinates z1, z2, let g(z1) be a holomorphic function. Define θ1, and
θ2 by (4.61), and let Σ denote the subset of the unit disc in C where g(s) has no zeroes or poles.
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Then the forms θ1 and θ2 define an SL(2,C) · S1-structure satisfying equations (4.36) and (4.37)
and w = 0 on Σ× C.
Theorem 4.9 may be thought of as a type of Weierstrass representation for these structures. The
7-manifold M is recovered as the total space of the bundle of compatible metrics on X, as in the
discussion following equation (4.37).
4.4. Type S. Suppose Q→M is a U(2)+-structure of type S, i.e. A and N vanish identically on Q.
By Remark 4.2, we may rescale the structure so that k = 1/2, and we fix this scale for the remainder
of this section.
It will be useful to use real notation in this section. Let 1 ≤ a, b . . . ≤ 2 and 1 ≤ i, j, . . . ≤ 3 be
indices with the specified ranges, and define functions Saij = Saji by
S111 = −4ReS1122, S211 = −4 ImS1122,
S112 = −2 ImS1112 − 2 ImS1222, S212 = 2ReS1112 + 2ReS1222,
S113 = −2ReS1112 + 2ReS1222, S213 = −2 ImS1112 + 2 ImS1222,
S122 = ReS1111 + 2ReS1122 +ReS2222, S222 = ImS1111 + 2 ImS1122 + ImS2222,
S123 = − ImS1111 + ImS2222, S223 = ReS1111 − ReS2222,
S133 = −ReS1111 + 2ReS1122 −ReS2222, S233 = − ImS1111 + 2 ImS1122 − ImS2222.
Note that Saii = 0 (summation implied). Next, define 1-forms σai, ψij = −ψji, and ρab = −ρba by
(4.62)
ψ23 = −i (κ11¯ − κ22¯) , σai = Saijωj ,
ψ31 = 2Reκ12¯, ρ12 = i (κ11¯ + κ22¯) ,
ψ12 = −2 Imκ12¯.
In this notation, the first structure equations (4.8) become
dωi = −ψij ∧ ωj ,(4.63a)
d

ω4
ω5
ω6
ω7
 = −µ ∧

ω4
ω5
ω6
ω7
 ,(4.63b)
where µ is the 4× 4 traceless matrix
1
2


−σ12 − σ23 − ω1 σ13 − σ22 − ψ23 + ρ12 σ21 + ψ31 − ω3 σ11 + ψ12 − ω2
σ13 − σ22 + ψ23 − ρ12 σ12 + σ23 − ω1 −σ11 + ψ12 − ω2 σ21 − ψ31 + ω3
σ21 − ψ31 − ω3 −σ11 − ψ12 − ω2 σ23 − σ12 + ω1 σ22 + σ13 − ψ23 − ρ12
σ11 − ψ12 − ω2 σ21 + ψ31 + ω3 σ22 + σ13 + ψ23 + ρ12 −σ23 + σ12 + ω1

 .
The vanishing of d2ω, d2ψ, and d2ρ imply
(4.64)
dρab = −σai ∧ σbi,
dψij = −ψik ∧ ψkj − ωi ∧ ωj − σai ∧ σaj ,
dσai = −ρab ∧ σbi − ψij ∧ σaj ,
dSaij = −Sbijρab − Saikψjk − Sajkψik + Caijkωk,
where Caijk are functions on Q satisfying Caijk = Cajik = Caikj and Caijj = 0.
We are now in a position to give an existence and generality result for these structures.
Proposition 4.10. The U(2)+-structures of type S exist locally and depend on 4 functions of 2
variables.
Proof. This is an application of Cartan’s work on prescribed coframing problems [4]. The ‘primary
invariants’ are the functions Saij , while the ‘free derivatives’ are the functions Caijk. The tableau
of free derivatives is involutive with s1 = 10, s2 = 4, and sk = 0 for k ≥ 3. 
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4.4.1. Maximal submanifolds. Recall that the U(2)+-structure Q→M always has the property that
M is foliated by 4-dimensional leaves of the distribution defined by ω1 = ω2 = ω3 = 0, and that
these leaves are coassociative submanifolds of M. A simple computation using equations (4.63b)
and (4.64) shows that the metric gϕ restricted to these leaves is flat when the U(2)
+-structure is
type S. Thus, the U(2)+-structures of type S all carry canonically defined semi-flat coassociative
fibrations. Baraglia [3] has studied semi-flat coassociative fibrations in general closed G2-structures,
and proven the following result, which provides a link with the theory of space-like submanifolds in
pseudo-Riemannian manifolds with indefinite signature (see also recent work of Donaldson cite!).
Theorem 4.11 ([3]). Fix a volume form on R4, so that Λ2R4 is identified with the pseudo-Euclidean
space R3,3. Let B be an oriented 3-manifold and u : B → R3,3 = Λ2R4 be a space-like immersion,
and let c be a positive constant. Let h be the pullback metric on B with volume form volh. Let
M = B × R4, and define a G2-structure ϕ on M by
(4.65) ϕ = c volh + du,
where u is considered as a 2-form on M. Then (M,ϕ) is a closed G2-structure with a semi-flat
coassociative fibration. Conversely, any closed G2-structure with semi-flat coassociative fibration is
locally of this form.
Furthermore, the G2-structure ϕ constructed in this way is torsion-free if and only if the immer-
sion u is maximal (meaning that its mean curvature vector vanishes).
Remark 4.12. It is not difficult to show that any closed G2-structure with a semi-flat coassociative
fibration has special torsion of positive type (see §3.4). This is interesting in light of the fact that
semi-flat coassociative fibrations are preserved by the Laplacian flow [18].
In light of Theorem 4.11, it is natural to ask under what conditions does a space-like immersion
u : B → R3,3 give rise to an ERP closed G2-structure (or, equivalently, a U(2)+-structure of type S).
This is answered by the following theorem, the proof of which will contain a proof of the relevant
case of Theorem 4.11.
Theorem 4.13. Let Q → M be a U(2)+-structure of type S. Then, up to rescaling, the associated
space-like maximal submanifold of R3,3 is a maximal submanifold of the quadric Q ⊂ R3,3 consisting
of vectors of norm −1 in R3,3. Conversely, any maximal submanifold of Q endowed with its pseudo-
Riemannian metric of signature (2, 3) and constant curvature −1 gives rise to a U(2)+-structure of
type S by following the construction of Theorem 4.11.
Proof. Let
−(e0)2 + (e1)2 + (e2)2 + (e3)2 − (e4)2 − (e5)2
define the pseudo-Euclidean metric on R3,3 and let ASO(3, 3) denote the corresponding group of
rigid motions. Then R3,3 is the homogeneous space ASO(3, 3)/SO(3, 3), and the quadric Q is the
orbit of the vector e0 under the action of SO(3, 3). The stabiliser of e0 is the group SO(3, 2), and Q
is thus the symmetric space SO(3, 3)/SO(3, 2).
Let Q→ M be a U(2)+-structure of type S, let the manifold B be a leaf of the foliation defined
by ω4 = . . . = ω7 = 0 on M, and let Q(B) denote the restriction of Q to B. Now, equations (4.63a)
and (4.64) imply that the so(3, 3)-valued matrix
(4.66) γ =
 0 ωj 0ωi ψij σbi
0 σai ρab

restricted to Q(B) satisfies the Maurer-Cartan equation dγ = −γ ∧ γ. Thus, by Cartan’s Theorem
on Maps into Lie Groups (2.6), locally there exists a map f : Q(B)→ SO(3, 3) such that f−1df = γ.
The map f identifies Q(B) with the adapted coframe bundle of a space-like immersion u : B →
SO(3, 3)/SO(3, 2). The tensor Saij is identified with the second fundamental form of u(B), and the
condition Saii = 0 is equivalent to the vanishing of the mean curvature vector of u(B).
There is an exceptional isogeny SL(4,R) → SO(3, 3) coming from the action of SL(4,R) on
Λ2R4. Let f˜ be a (possibly only locally defined) lift of f to SL(4,R). This can be arranged so that
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f˜−1df˜ = µ, and it follows from equation (4.63b) that
(4.67) d
f˜

ω4
ω5
ω6
ω7

 = 0,
and we may introduce coordinates x1, . . . , x4 so that
(4.68)

ω4
ω5
ω6
ω7
 = f˜−1

dx1
dx2
dx3
dx4
 .
It follows that the G2-structure ϕ has the form claimed. This proves the first part of the theorem.
The proof of the converse statement is a straightforward reversal of the above steps. The key
point is to adapt frames to the maximal space-like immersion so that the Maurer-Cartan form of
SO(3, 3) takes the form (4.66). 
Remark 4.14. Two U(2)+-structures of type S are locally equivalent if and only if the corresponding
space-like immersions are locally equivalent up to rigid motion in Q.
4.4.2. Examples. We will now use Theorem 4.13 to give examples of ERP closed G2-structures, and
reinterpret the known examples in this context. The computations in this section will also prove
useful in §4.5.
Example 4.15. As proven in §4.1.3, Bryant’s first example [7] of an ERP closed G2-structure is
the unique local model for U(2)+-structures of type S with S identically zero. Since S represents
the second fundamental form of the associated maximal immersion B → SO(3, 3)/SO(3, 2), for this
example the submanifold B is totally geodesic and thus isometric to hyperbolic 3-space.
Example 4.16. After Bryant’s example, the next discovered example of an ERP closed G2-structure
was given by Lauret [20]. It is homogeneous under the action of a solvable Lie group. A calculation
shows that Lauret’s example is of type S and that it has the interesting property that the roots
of the tensor S (see (4.11)), viewed as a homogeneous polynomial in η1 and η2, are arranged in a
regular tetrahedron inscribed in the Riemann sphere. In fact, this property uniquely characterises
Lauret’s example.
Proposition 4.17. Suppose that Q→M is a U(2)+-structure of type S such that for all points on
M the roots of the polynomial S (see (4.11)) are arranged on a regular tetrahedron inscribed in the
Riemann sphere. Then M is locally equivalent to Lauret’s example.
Proof. Let Q → M be a U(2)+-structure of type S such that for all points on M the roots of the
polynomial S (4.11) are arranged on a regular tetrahedron inscribed in the Riemann sphere. The
elements of the unit sphere in Sym4C2 satisfying this condition comprise a single U(2) orbit, and it
follows that at each point of M there is a coframe (ν˜, η˜) for which
(4.69) S = r
(
η˜41 − 2
√
2η˜1η˜
3
2
)
for some positive r on M . The collection of all such coframes forms a principal A4-subbundle Q1 of
Q, and we shall work on this subbundle.
On Q1,
(4.70)
(
σ11 σ12 σ13
σ21 σ22 σ23
)
=
( −√2rω3 rω2 −√2rω1 − rω3
−√2rω2 −
√
2rω1 + rω3 rω2
)
,
and the equations (4.64) imply
(4.71) ψij = 0, ρab = 0, r =
1
2
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We are now left with structure equations
dω1 = dω2 = dω3 = 0,(4.72)
d


ω4
ω5
ω6
ω7

 =−
1
2


−ω1 − ω2 −ω3 − 1√
2
ω2 − ω3 −ω2 − 1√
2
ω3
−ω3 −ω1 + ω2 −ω2 + 1√
2
ω3 − 1√
2
ω2 + ω3
− 1√
2
ω2 − ω3 −ω2 + 1√
2
ω3 ω1 −
√
2ω1
−ω2 − 1√
2
ω3 − 1√
2
ω2 + ω3 −
√
2ω1 ω1

 ∧


ω4
ω5
ω6
ω7

 .(4.73)
These are the structure equations of a 7-dimensional solvable Lie algebra g. It then straightforward
to show that the resulting ERP closed G2-structure on G is equivalent to Lauret’s example on
R3 ⋉R4. 
An integration of the Maurer-Cartan form in this case gives that the maximal submanifold B → Q
is given by
R
3 → Q, (x, y, z) 7→ 1√
3
(coshx, sinh x, sinh y, sinh z, cosh y, cosh z) ,
which can be thought of as an analogue of the Clifford torus in this setting. The induced metric is
flat, as is clear from (4.72).
Lauret’s example suggests that looking for U(2)+-structures of type S where the second funda-
mental form S has a non-trivial U(2)-stabiliser may be fruitful. The following examples are of this
kind.
Example 4.18. (Quadruple root) We now suppose that Q→M is a U(2)+-structure of type S such
that for all points on M the polynomial S (4.11) has a quadruple root. Similarly to the previous
example, at each point on M we may find a coframe (ν˜, η˜) so that
(4.74) S = (r1 + ir2)η˜1
4,
for some real r1, r2 on M. The collection of all such coframes forms a principal T
2-subbundle Q1 of
Q, and we shall work on this subbundle.
On Q1,
(4.75)
(
σ11 σ12 σ13
σ21 σ22 σ23
)
=
(
0 r1ω2 − r2ω3 −r2ω2 − r1ω3
0 r2ω2 + r1ω3 r1ω2 − r2ω3
)
,
and the equations (4.64) imply
(4.76) ψ12 = p1ω2 − p2ω3, ψ31 = −p2ω2 − p1ω3,
for some functions p1, p2 on Q1. Using equations (4.64) again, we have
(4.77)
dr1 = (p1r1 − p2r2)ω1 + q1ω2 − q2ω3 + 2 r2ψ23 − r2ρ12,
dr2 = (p1r2 + p2r1)ω1 + q2ω2 + q1ω3 − 2 r1ψ23 + r1ρ1,2,
dp1 =
(
p1
2 − p22 − 1
)
ω1 + u1ω2 + u2ω3,
dp2 = 2p1p2 ω1 − u2ω2 + u1ω3,
for some functions q1, q2, u1, u2 on Q1. Using these structure equations, it is possible to show that
the maximal space-like submanifolds of Q of this type exist locally and depend on 4 functions of 1
variable. We will not study these examples further, except to make the following observation, which
will be used in §4.5.
Proposition 4.19. Any homogeneous 3-dimensional maximal space-like submanifold of Q such that
S has a quadruple root is totally umbilic (i.e. S = 0).
Proof. If B is a homogeneous 3-dimensional maximal submanifold of Q such that P has a quadruple
root is totally umbilic, then the functions r21 + r
2
2 and p
2
1 + p
2
2 (which are well-defined on B) must
be constant. Then equations (4.77) imply that r1 = r2 = 0, so that B is totally umbilic. 
Example 4.20. (Triple root antipodal to single root) We now suppose that Q → M is a U(2)+-
structure of type S such that for all points on M the polynomial S (4.11) has a triple root and an
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antipodal single root. Similarly to the previous examples, at each point onM we may find a coframe
(ν˜, η˜) so that
(4.78) S = r η˜31 η˜2,
for some positive real r on M. The collection of all such coframes forms a principal S1-subbundle Q1
of Q, and we shall work on this subbundle.
On Q1,
(4.79)
(
σ11 σ12 σ13
σ21 σ22 σ23
)
=
(
2 rω3 0 2 rω1
−2 rω2 −2 rω1 0
)
,
and the equations (4.64) imply
(4.80) ψ12 = ψ31 = 0, ρ12 = ψ23, r =
1
2 .
We are left with structure equations
(4.81)
dω1 = 0,
dω2 = −ψ23 ∧ ω3,
dω3 = ψ23 ∧ ω2,
dψ23 = −ω2 ∧ ω3,
d


ω4
ω5
ω6
ω7

 = −
1
2


−ω1 2ω1 −ω3 − ω2 −ω2 + ω3
2ω1 −ω1 −ω3 − ω2 −ω2 + ω3
−ω3 − ω2 −ω3 − ω2 ω1 −2ψ23
−ω2 + ω3 −ω2 + ω3 2ψ23 ω1

 ∧


ω4
ω5
ω6
ω7

 .
These are the structure equations of an 8-dimensional Lie algebra g isomorphic to the semi-direct
product (R× so(2, 1))⋉ (R⊕ R3) , where the R-factor acts on R⊕R3 by a ·v = (3av1, av2, av3, av4),
and the so(2, 1) factor acts trivially on R and via the standard representation on R3. Thus, this
ansatz gives rise to a unique (up to scaling) solution which is homogeneous with 8-dimensional
symmetry group. The 7-manifold M is given by the quotient G/S1 by the ψ23-action.
An integration of the Maurer-Cartan form in this case gives that the corresponding maximal
submanifold B → Q is given by
(4.82)
R
2 × S1 → Q,
(x, y, θ) 7→ (cosh (x) cosh (y) , cosh (x) sinh (y) ,− sinh (x) sin (θ) cosh (y) ,
sinh (x) cos (θ) cosh (y) , sinh (x) cos (θ) sinh (y) , sinh (x) sin (θ) sinh (y)) .
The Riemannian metric on B is isometric to R× H2.
Example 4.21. (Antipodal double roots) We now suppose that Q→M is a U(2)+-structure of type
S such that for all points on M the polynomial S (4.11) has antipodal double roots. Similarly to
the previous examples, at each point on M we may find a coframe (ν˜, η˜) so that
(4.83) S = 3r3 η˜21 η˜
2
2 ,
for some positive real r on M (we use a cube here to simplify some later equations). The collection
of all such coframes forms a principal S1-subbundle Q1 of Q, and we shall work on this subbundle.
On Q1,
(4.84)
(
σ11 σ12 σ13
σ21 σ22 σ23
)
=
( −2 r3ω1 r3ω2 r3ω3
0 0 0
)
,
and the equations (4.64) imply
(4.85) ψ12 = s ω2, ψ31 = −s ω3, ρ12 = 0, dr = rs ω1,
for some function s. In particular, we see that the associated maximal submanifold B → Q actually
lies in a totally geodesic hypersurface SO(3, 2)/SO(3, 1) ⊂ Q. Using equations (4.64) again, we have
(4.86) ds =
(
2r6 + s2 − 1)ω1.
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The structure equations of the associated maximal submanifold B → Q now read
(4.87)
dω1 = 0,
dω2 = −ψ23 ∧ ω3 − sω1 ∧ ω2,
dω3 = ψ23 ∧ ω2 − sω1 ∧ ω3,
dψ23 = −
(
r6 − s2 + 1)ω2 ∧ ω3,
and the exterior derivatives of these equations are identities.
Equations (4.85) and (4.86) imply that
(4.88) d
(
r6 − s2 + 1
r2
)
= 0,
so there exists a constant c on B such that s2 = r6 − cr2 + 1. Thus, from equations (4.85),
(4.89) ω1 =
dr
r
√
r6 − cr2 + 1 .
Moreover, setting ηi = rωi for i = 2, 3, we find
(4.90) dη2 = −ψ23 ∧ η3, dη3 = ψ23 ∧ η3, dψ23 = −c η2 ∧ η3,
which are the structure equations for a metric of constant curvature k. Conversely, let Σ be one of S2,
R2, or H2, with a metric of constant curvature −c. Reversing the steps above and constructing the
Maurer-Cartan form γ (4.66) (which will have all zeroes in its final row and column), gives a maximal
spacelike immersion of Σ×I into SO(3, 2)/SO(3, 1), where I is any open interval containing no zeroes
of r6−cr2+1. It can be checked that the resulting maximal submanifold B has a cohomogeneity-one
action of one of the groups SO(2, 1),ASO(2), or SO(3), depending on the sign of c.
There are two special cases of particular interest. If c = 2−2/3 · 3, then r6 − cr2 + 1 factors as(
r2 − 2−1/3)2 (r2 + 22/3) , and we see that the immersion of H2×(0, 2−1/6) constructed in the above
paragraph is complete, because
(4.91)
∫ 2−1/5
0
ω1 = −∞,
∫ 2−1/6
2−1/5
ω1 =∞.
Thus, this example gives rise to a complete and inhomogeneous ERP closed G2-structure on M .
Next, from equations (4.85) the only possibility for (r, s) to be constant on B is if r = 2−1/6 and
s = 0. We then have structure equations
(4.92)
dω1 = 0,
dω2 = −ψ23 ∧ ω3,
dω3 = ψ23 ∧ ω2,
dψ23 = − 32ω2 ∧ ω3,
d


ω4
ω5
ω6
ω7

 = −
1
2


− 1√
2
ω2 − ω1 1√
2
ω3 − ψ23 −ω3 −
√
2ω1 − ω2
1√
2
ω3 + ψ2,3
1√
2
ω2 − ω1
√
2ω1 − ω2 ω3
−ω3
√
2ω1 − ω2 1√
2
ω2 + ω1
1√
2
ω3 − ψ23
−
√
2ω1 − ω2 ω3 1√
2
ω3 + ψ2,3
1√
2
ω2 + ω1

 ∧


ω4
ω5
ω6
ω7

 .
These are the structure equations of an 8-dimensional Lie algebra g isomorphic to the semidirect
product (R× sl(2,R))⋉(R2 ⊕ R2) , where the R-factor acts on R2⊕R2 by a·v = (av1, av2,−av3,−av4),
and the sl(2,R) factor acts on R2⊕R2 as the standard representation direct sum its dual. Thus, this
ansatz gives rise to a unique (up to scaling) homogeneous solution, with 8-dimensional symmetry
group. The 7-manifold M is given by the quotient G/S1 by the ψ23-action. An integration of the
Maurer-Cartan form in this case gives that the corresponding maximal submanifold B → Q is given
by
(4.93)
R
2 × S1 → Q,
(x, y, θ) 7→ 16
(
2 coshx+ 4 cosh y, 2
√
3 sinhx, 2
√
6 sinh y sin θ,
2
√
6 sinh y cos θ,−2
√
2 (coshx− cosh y) , 0
)
.
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The Riemannian metric on B is isometric to R× H2.
4.4.3. Laplacian flow. Recall from §4.1.4 that the Laplacian flow of an ERP U(2)+-structure simply
rescales the leaves of the foliation determined by ν = 0.
Theorem 4.22. Any U(2)+-structure of type S is locally a steady Laplace soliton. The universal
cover of a U(2)+-structure of type S is a steady Laplace soliton.
Proof. By Theorem 4.13, any structure Q→M of type S is locally equivalent to an R4-bundle over
a 3-manifold B, where the R4-fibres are flat and leaves of the foliation ν = 0. Restricting to an open
set in M consisting of the R4-bundle over contractible open set in B, let X be the vector field whose
flow has the property that it preserves the R4-fibres and scales each fiber at speed exp(6kt). Then
from the Laplacian evolution equation (4.16), dτ = LXϕ, and ϕ is locally a steady Laplacian soliton.
To see that the universal cover of M is a bona fide Laplace soliton, note that the pullback of
the R4-bundle over B to the universal cover of B will be trivial (because µ defines a flat SL(4,R)-
connection), so the vector field X exists globally. 
4.5. Classification of homogeneous ERP closed G2-structures. In this section, we shall use
the work of the previous sections to classify the homogeneous ERP closed G2-structures.
We begin by recalling the classification of Lie groups admitting left-invariant ERP closed G2-
structures due to Lauret–Nicolini [22]. They find, up to equivalence, five examples on different
completely solvable Lie groups, and we shall follow their notation in labeling them GB, GM1, GM2,
GM3, and GJ . Lauret–Nicolini note that GB is equivalent to Bryant’s example (§4.1.3).
Proposition 4.23. A left-invariant ERP closed G2-structure is of type S. Furthermore:
• (GJ , ϕJ ) is equivalent to the G2-structure constructed in Example 4.16. The G2-automorphism
group of this example has dimension 7.
• (GM2, ϕM2) is equivalent to the homogeneous G2-structure of Example 4.20 constructed on(
(R× SO(2, 1))⋉R4) /S1. The G2-automorphism group of this example has dimension 8.
• (GM3, ϕM3) is equivalent to the homogeneous G2-structure of Example 4.21 constructed on(
(R× SL(2,R))⋉R4) /S1. The G2-automorphism group of this example has dimension 8.
• The G2-automorphism group of (GM1, ϕM1) has dimension 7.
Proof. A simple calculation using the structure equations provided by Lauret–Nicolini shows that
all of the examples in their classification are of type S. Next, we note that any G2-automorphism
fixing a point p must preserve Sp. For cases GJ and GM1, the subgroup fixing Sp is discrete, so
these examples have 7-dimensional symmetry groups. For cases GM2 and GM3, the tensor S has a
triple root antipodal to a single root and antipodal double roots respectively, in both cases Sp has
a 1-dimensional stabiliser. The homogeneous examples of these type are classified in Examples 4.20
and 4.21, and the statement about equivalence follows. 
Remark 4.24. Lauret–Nicolini [22] have computed the G2-automorphism group of (GJ , ϕJ), but this
result is new in the other cases. In particular, the existence of an additional symmetry in the GM2
and GM3 cases is noteworthy.
The homogeneous classification does not reveal any new examples.
Theorem 4.25. An ERP closed G2-structure ϕ admitting a transitive action of diffeomorphisms
preserving ϕ is equivalent to one of the following examples:
• Bryant’s example with 14-dimensional symmetry group (S1 · SL(2, C))⋉C2 (see §4.1.3).
• Lauret’s example on GJ (see Example 4.16).
• Lauret–Nicolini’s example on GM1.
• The homogeneous G2-structure of Example 4.20 constructed on
(
(R× SO(2, 1))⋉R4) /S1.
• The homogeneous G2-structure of Example 4.21 constructed on
(
(R× SL(2,R))⋉R4) /S1.
Proof. We begin by noting that the equation
(4.94) d
(|τ |2) = 29 ∗ϕ τ3
implies that a homogeneous ERP closed G2-structure has special torsion of positive type.
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Next, we remark that, due to Lauret–Nicolini’s results, we need only consider the case where the
G2-automorphism group has dimension greater than 7. Let H denote the isotropy group of the G2-
automorphism group. Since any G2-automorphism must fix the U(2)
+-structure Q, H is a subgroup
of U(2)+. Furthermore, fixing a point p ∈M, we have
(4.95) H ≤ StabU(2)+ (Ap, Sp,Zp) .
Now, (Ap, Sp,Zp) is an element of the U(2)-module
(4.96) W =
(
Sym5CC
2 ⊗ (Λ2CC2)1/2)⊕ (Sym4CC2 ⊗ Λ2CC2)⊕ (C2 ⊗ (Λ2CC2)3/2) .
The only element of W with stabiliser U(2)+ is (0, 0, 0), and this corresponds to Bryant’s example
§4.1.3. There are no elements with stabiliser SU(2) or T2, so there are no ERP G2-structures with
symmetry groups of dimension 10 or 9.
Next, it is easily checked that any element ofW stabilised by an S1-subgroup of U(2)+ takes values
in exactly one of the three irreducible constituents of W. Thus, a homogeneous ERP structure is of
type A, N, or S.
The structure equations (4.22) imply that a homogeneous structure of type A has A = 0, because
otherwise the norm of A will change along the ν11¯-direction. A homogeneous structure of type N
has N = 0 because otherwise the SL(2,C) action defined in §4.3 does not fix the norm of N.
Next, the elements of Sym4CC
2⊗Λ2
C
C2 fixed by an S1-subgroup are exactly those with a quadruple
root, a triple root antipodal to a single root, or antipodal double roots. The homogeneous examples
satisfying these conditions have been classified in §4.4.2. 
5. Quadratic closed G2-structures with special torsion of negative type
This section is devoted to the study of λ-quadratic closed G2-structures with special torsion of
negative type.
5.1. The induced U(2)−-structure. Let (M,ϕ) be a λ-quadratic closed G2-structure such that τ
has stabiliser everywhere conjugate to U(2)−. Since τ = 0 identically if and only if ϕ is torsion-free,
we will assume that τ is non-vanishing somewhere and restrict to the open dense subset where τ 6= 0.
We may then adapt frames and define a U(2)−-structure Q ⊂ B by
(5.1) Q = {u : TxM → V | u ∈ Bx, u∗ (−2e2 ∧ e3 + e4 ∧ e5 + e6 ∧ e7) is a multiple of τ} .
Thus, on Q, the torsion 2-form τ is given by
(5.2) τ = 4f (−2ω2 ∧ ω3 + ω4 ∧ ω5 + ω6 ∧ ω7) ,
for some non-vanishing function f.
The action of U(2)− on the standard representation V ∼= R7 of G2 is reducible: we have V ∼=
〈e1〉⊕〈e2, e3〉⊕〈e4, e5, e6, e7〉 ∼= R⊕C⊕C2. We split the tautological V -valued 1-form ω accordingly
as ω = α+ ν + η. Explicitly, define complex-valued 1-forms ηa and ν and a real-valued 1-form α on
Q by
Just as in §4, 1 ≤ a, b, c, . . . ≤ 2 will be indices obeying the complex Einstein summation con-
vention, meaning that any pair of barred and unbarred indices is implicitly summed over, and we
make use of the ε-symbol with two such indices, defined to be the unique skew-symmetric symbol
satisfying ε12 = 1/2.
The natural g2-valued connection form θ also splits. There is a U(2)
−-invariant decomposition
(5.3) g2 = u(2)
− ⊕ C⊕ (C2 ⊗ Λ2CC2)⊕ C2,
and θ decomposes accordingly as θ = κ + ξ + γ + σ. Explicitly, define complex-valued 1-forms
κab = −κba¯, ξ, γa, and σa by
κ11¯ = −iθ45, γ1 = − 12 (θ24 + θ35)− i2 (θ25 − θ34) ,
κ12¯ =
1
2 (θ46 + θ57)− i2 (θ47 − θ56) , γ2 = − 12 (θ26 + θ37)− i2 (θ27 − θ36) ,
κ22¯ = −iθ67, σ1 = 12 (θ35 − θ24)− i2 (θ25 + θ34) ,
ξ = 12 (θ57 − θ46)− i2 (θ47 + θ56) , σ2 = 12 (θ37 − θ26)− i2 (θ27 + θ36) .
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The u(2)-valued 1-form κ is the connection form associated to the natural connection on the U(2)−-
structure Q, while the 1-forms ξ, γ, and σ are are semibasic for the projection Q→M.
5.1.1. Structure equations. The first structure equation on B (3.11) restricted to Q reads
(5.4)
dα = −i ξ ∧ ν + i ξ ∧ ν − 2i εabσa ∧ ηb + 2i εabσa ∧ ηb,
dν = κaa¯ ∧ ν − 2i ξ ∧ α+ γa ∧ ηa + σa ∧ ηa − 4f α ∧ ν + 2if εabηa ∧ ηb,
dηa = −κab¯ ∧ ηb + 4i εabσb ∧ α− γa ∧ ν − σa ∧ ν + 2εabξ ∧ ηb − 2if εabν ∧ ηb.
On Q, the G2 3-form ϕ, 4-form ∗ϕϕ, and torsion 2-form τ are given by
(5.5)
ϕ = i2α ∧ (ν ∧ ν + ηa ∧ ηa) + 12εabν ∧ ηa ∧ ηb + 12εabν ∧ ηa ∧ ηb,
∗ϕϕ = i2α ∧ (εabν ∧ ηa ∧ ηb − εabν ∧ ηa ∧ ηb)− 14ηa ∧ ηa ∧
(
ν ∧ ν + 12ηb ∧ ηb
)
,
τ = 2if (−2 ν ∧ ν + ηa ∧ ηa) .
The λ-quadratic condition (3.17) reads
(5.6)
7
16d (2if (−2 ν ∧ ν + ηa ∧ ηa)) =if2 α ∧ ((10λ+ 3) ν ∧ ν − (11λ− 3) ηa ∧ ηa) ,
+ 3f2 (λ+ 1) (εabν ∧ ηa ∧ ηb − εabν ∧ ηa ∧ ηb) ,
while equation (3.22) gives
(5.7) df = −28λ (2λ− 1)
3λ− 4 f
2 α,
and equation (3.21) gives
(5.8) d
(
f3ν ∧ ν ∧ ηa ∧ ηa ∧ ηb ∧ ηb
)
= − 367 (6λ− 1)α ∧ ν ∧ ν ∧ ηa ∧ ηa ∧ ηb ∧ ηb.
Equations (5.6 - 5.8), together with their exterior derivatives, imply that there exist complex-
valued functions Ba, Ea, and Fab = Fba on Q such that
(5.9)
ξ = 4i7
17λ2+6λ−11
3λ−4 fν + iBaηa,
γa = − 23Baα+ Eaν + Fabηb,
σa = 2iεabBbν +
2i
7
32λ2+57λ−24
3λ−4 f εabηb.
Substituting equation (5.9) into (5.4) and differentiating, the identity d2η = 0 implies
(5.10) BaBb − 12δab¯BcBc, a, b = 1, 2
and it follows that B = 0 on Q.
The structure equations (5.4) may now be rewritten as
(5.11)
dα = 0,
dν = κaa¯ ∧ ν + Eaν ∧ ηa + 47 34λ
2−9λ+6
3λ−4 f α ∧ ν − 8i7 (λ+1)(8λ+1)3λ−4 f εabηa ∧ ηb,
dηa = −κab¯ ∧ ηb + Fabν ∧ ηb + 27 32λ
2+57λ−24
3λ−4 f α ∧ ηa + 40i7 (5λ−2)(λ+1)3λ−4 f εabν ∧ ηb.
Theorem 5.1. Let (M,ϕ) be a λ-quadratic closed G2-structure with special torsion of negative type.
Then
λ ∈ {−1,− 18 , 25 , 34} .(5.12)
Proof. Differentiating the structure equations (5.11), the identity d2ν = 0 implies
(8λ+ 1) (5λ− 2) (4λ− 3) (λ+ 1) f2 = 0,(5.13)
and we have assumed that f does not vanish identically. 
Now, since dα = 0, there exists a locally defined function r on M, unique up to the addition of a
constant, such that α1 = dr. Equation (5.7) then implies that there exists a constant k with
(5.14) f =
3λ− 4
28λ (2λ− 1)
1
(r − k) .
After altering r by a constant we assume k = 0.
30 GAVIN BALL
Theorem 5.2. Let (M,ϕ) be a λ-quadratic closed G2-structure with special torsion of negative type.
Then the induced metric gϕ is incomplete.
Proof. The scalar curvature of gϕ is given by (3.14), so
(5.15) Scal(gϕ) = − 12 |τ |2 = −
3 (3λ− 4)2
49λ2 (2λ− 1)2
1
r2
,
and this blows up at r = 0, which is at a finite distance. 
Define complex-valued 1-forms ̟ and θa and complex-valued functions Aa and Hab = Hba on Q
by
(5.16)
̟ = r−
34λ2−9λ+6
49λ(2λ−1) ν, Aa = r
32λ2+57λ−24
98λ(2λ−1) Ea,
θa = r
− 32λ2+57λ−2498λ(2λ−1) ηa, Hab = r
34λ2−9λ+6
49λ(2λ−1) Fab.
In these new variables the structure equations (5.11) become
(5.17)
d̟ = κaa¯ ∧̟ +Aa̟ ∧ θa − 2i49 (λ+1)(8λ+1)λ(2λ−1) r−
5(5λ−2)(4λ−3)
49λ(2λ−1) εabθa ∧ θb,
dθa = −κab¯ ∧ θb +Hab̟ ∧ θb + 5i49 (5λ−2)(λ+1)λ(2λ−1) r−
2(8λ+1)(4λ−3)
49λ(2λ−1) εab̟ ∧ θb.
When λ ∈ {−1,− 18 , 25 , 34} , as is necessary from Theorem 5.1, the function r does not appear
in the derivatives of ̟ or θa, and the problem of understanding the geometry of M is reduced to
understanding the geometry of the 6-manifold defined by r = 1. Call this 6-manifold N, and let
P denote the pullback of the U(2)−-structure Q to N . The bundle P is a U(2)-subbundle of the
principal coframe bundle of N , and so defines a U(2)-structure on N. The tautological form on P is
(̟, θa) , while the forms κab¯ are the components of the natural u(2)-valued connection form. This
discussion is summarised in the follow result.
Proposition 5.3. Let (M,ϕ) be a λ-quadratic closed G2-structure with special torsion of negative
type, where λ is necessarily one of −1, −1/8, 2/5, or 3/4. Then M is locally equivalent to R+ ×N,
where N is a 6-manifold endowed with a U(2)-structure P satisfying structure equations (5.17). The
pullback of the G2 3-form ϕ to to Q is
(5.18)
ϕ = i2dr ∧
(
r
68λ2−18λ+12
49λ(2λ−1) ̟ ∧̟ + r 32λ
2+57λ−24
49λ(2λ−1) θa ∧ θa
)
+ 12r
6(λ+1)(11λ−3)
49λ(2λ−1)
(
εab̟ ∧ θa ∧ θb + εab̟ ∧ θa ∧ θb
)
,
where r is the coordinate in the R+ direction.
Conversely, let P → N be a U(2)-structure over a 6-manifold N satisfying structure equations
(5.17). Let M = R+ × N. Then, if λ is one of −1, −1/8, 2/5, or 3/4, the 3-form ϕ on R+ × P
defined by equation (5.18) is invariant under the U(2)-action on this space, and descends to M to
give a λ-quadratic closed G2-structure with special torsion of negative type.
We now study the four cases corresponding to the possible values of λ in turn. Similarly to §4,
we mainly restrict to the cases where at most one of the tensors Aa, Hab are non-zero.
5.2. The case λ = −1. When λ = −1, the structure equations (5.17) read
(5.19)
d̟ = κaa¯ ∧̟ +Aa̟ ∧ θa,
dθa = −κab¯ ∧ θb +Hab̟ ∧ θb.
Now, since U(2) is a subgroup of SU(3), the U(2)-structure P on N induces an SU(3)-structure
on N. The differential forms Ω ∈ Ω1,1(N) and Υ ∈ Ω3,0(N) associated to this SU(3)-structure are
(5.20)
Ω = i2
(
̟ ∧̟ + θa ∧ θa
)
,
Υ = εab̟ ∧ θa ∧ θb,
and from equations (5.19), the exterior derivatives of these forms satisfy
(5.21) dΩ = 0, dΥ = 0,
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so that the induced SU(3)-structure is Calabi-Yau.
5.2.1. A = H = 0. When the torsion functions A and H vanish we have the following result.
Proposition 5.4. Let P → N be a U(2)-structure satisfying equations (5.19) and the additional
conditions Aa = 0 and Hab = 0. Then N is locally equivalent to the product R
2 × X of Euclidean
2-space with a Ricci-flat Ka¨hler 4-manifold X.
Conversely, the product Σ×X of a flat 2-manifold Σ with a Ricci-flat Ka¨hler 4-manifold X carries
a U(2)-structure satisfying equations (5.19) and the additional conditions Aa = 0 and Hab = 0.
Proof. If Aa = 0 and Hab = 0, the U(2)-structure P is torsion-free, and it follows that the reduced
holonomy group of the metric gϕ|N is contained in U(2). The only possibilities are the trivial group
or SU(2), and in both these cases N is locally equivalent to the metric product of R2 with a Ricci-flat
Ka¨hler metric. The converse statement is a straightforward computation, which we omit. 
Example 5.5. By Proposition 5.4, products T2 × T4 and T2 × K3 provide compact examples of
6-manifolds with U(2)-structures satisfying equations (5.19).
5.2.2. Type A. Now suppose P→ N is a U(2)-structure satisfying equations (5.19) and the additional
condition Hab = 0. We assume that Aa does not vanish identically on P, as this case was considered
in §5.2.1.
In this case the structure equations (5.19) become
(5.22)
d̟ = κaa¯ ∧̟ +Aa̟ ∧ θa,
dθa = −κab¯ ∧ θb,
and the identities d2̟ = d2θa = 0 imply
(5.23)
dκab¯ = −κac¯ ∧ κcb¯ +Rab¯cd¯θc ∧ θd,
dAa = −Abκab¯ − 2Aaκbb¯ + Cabθb,
where Cab and Rab¯cd¯ are complex-valued functions on Q satisfying Cab = Cba, Rab¯cd¯ = Rcb¯ad¯ = Rad¯cb¯,
Rab¯cd¯ = Rba¯dc¯, and Rac¯cb¯ = −AaAb.
Proposition 5.6. The U(2)−-structures satisfying equations (5.19) and the additional condition
Hab = 0 exist locally and depend on 3 functions of 2 variables.
Proof. This is a simple application of the methods of [4]. For a few more details see [1]. 
From equations (5.22), there is a Riemannian submersion N → X, where X is the leaf space of
the distribution defined by ̟ = 0. The metric gX on X is given by
(5.24) gX = θa ◦ θa,
and it is Ka¨hler, with Ka¨hler form i2θa ∧ θa. Equations (5.23) show that A = Aaθa is a holomorphic
section of T 1,0
C
X ⊗K∗⊗2X , where KX denotes the canonical bundle of X, and that the Ricci form of
gX is given by
(5.25) dκaa¯ = Abθb ∧Aaθa.
Conversely, if X, gX is a Ka¨hler 4-manifold with Ricci form ζ∧ζ, where ζ is a holomorphic section
of T 1,0
C
X⊗K∗⊗2X , then it is possible to locally construct a U(2)−-structure satisfying equations (5.19)
and the additional condition Hab = 0 on a C-bundle over X. This is done by noting that the u(1, 1)-
valued 1-form
(5.26) µ =
( −κaa¯ ζ
ζ κaa¯
)
must satisfy the Maurer-Cartan equation dµ = −µ∧ µ. Let f be a map locally integrating µ, which
exists by Cartan’s Theorem 2.6. Then define
(5.27)
(
̟
̟
)
= f−1
(
dz1
dz1
)
on the product of the U(2)-coframe bundle of X with C.
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5.2.3. Type H. Now suppose P → N is a U(2)-structure satisfying equations (5.19) and the addi-
tional condition Aa = 0. We assume that Hab does not vanish identically on P, as this case was
considered in §5.2.1.
Define complex-valued 1-forms σab on P by σab = −Hab̟. Then we have
(5.28) dθa = −κab¯ ∧ θb − σab ∧ θb,
and the exterior derivatives of the structure equations (5.19) imply that the sp(2,R)-valued 1-form
(5.29) µ =
(
κab¯ σab
σab −κab¯
)
satisfies the Maurer-Cartan equation dµ = −µ ∧ µ. Thus, by Cartan’s Theorem 2.6, there exists a
locally defined map f : P → Sp(2,R) satisfying µ = f−1df. This map f descends to give a map
Σ→ Sp(2,R)/U(2), where Σ is the leaf space of the (integrable) distribution ̟ = 0 on N.
Proposition 5.7. The map Σ → Sp(2,R)/U(2) constructed above is a holomorphic map, where
Sp(2,R)/U(2) is considered with its Sp(2,R)-invariant Ka¨hler structure.
Proof. If we write the Maurer-Cartan form of Sp(2,R) in the form (5.29), the symmetric and anti-
symmetric forms
(5.30) σab ◦ σab and i2σab ∧ σab,
are invariant under the U(2)-action generated by the vector fields dual to the κab¯, and descend to
Sp(2,R)/U(2) to define the Sp(2,R)-invariant Ka¨hler structure in question. The (1, 0)-forms of the
associated complex structure are the 1-forms whose pullback to Sp(2,R) is a linear combination of
σ11, σ12, and σ22. The result then follows immediately from the equation σab = −Hab̟. 
In light of Proposition 5.7, it is natural to try and take a holomorphic curve Σ→ Sp(2,R)/U(2)
and construct a U(2)-structure on the total space of the associated R4-bundle coming from the
standard 4-dimensional representation of Sp(2,R). We now indicate how this can be done.
Let Σ → Sp(2,R)/U(2) be a holomorphic curve. By definition, the image of Σ is an integral
manifold of the exterior differential system I = 〈σ11 ∧ σ12, σ12 ∧ σ22, σ11 ∧ σ22〉, which is well-defined
on Sp(2,R)/U(2). Let F(Σ) denote the pullback of the U(2)-bundle Sp(2,R)→ Sp(2,R)/U(2) to Σ.
We need to find a (1, 0)-form on F(Σ) such that
(5.31) d̟ = κaa¯ ∧̟.
Let z be a holomorphic coordinate on Σ. Then ̟ will be of the form eFdz for some function F.
Integrating the equation
∂F
∂z
dz − ∂F
∂z
dz = κaa¯(5.32)
to find F, we find that ̟ satisfies equation (5.31) as desired. Then on F(Σ) there will exist function
Hab = Hba with σab = −Hab̟, and we obtain a U(2)-structure on the total space of the associated
R4-bundle satisfying equations (5.19) and Aa = 0 as required.
5.3. The case λ = −1/8. When λ = −1/8, the structure equations (5.17) read
(5.33)
d̟ = κaa¯ ∧̟ +Aa̟ ∧ θa,
dθa = −κab¯ ∧ θb +Hab̟ ∧ θb − 3iεab̟ ∧ θb.
As in §5.2, the U(2)-structure P induces a SU(3)-structure with associated differential forms Ω
and Υ given by equation (5.20). We have
(5.34)
dΩ = −3Re (εab̟ ∧ θa ∧ θb) ,
dΥ = 3i2 ̟ ∧̟ ∧ θa ∧ θa,
so this SU(3)-structure is never torsion-free.
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5.3.1. A = H = 0. When the torsion functions A and H vanish we have the following result.
Proposition 5.8. Let P → N be a U(2)-structure satisfying equations (5.33) and the additional
conditions Aa = 0 and Hab = 0. Then N is locally equivalent to the twistor space TX of a Ricci-flat
Ka¨hler 4-manifold X, endowed with a particular U(2)-structure.
Conversely, the twistor space TX of a Ricci-flat Ka¨hler 4-manifold X carries a U(2)-structure
satisfying equations (5.33) and the additional conditions Aa = 0 and Hab = 0.
Proof. If Aa = 0 and Hab = 0, the structure equations (5.33) become
(5.35)
d̟ = κaa¯ ∧̟,
dθa = −κab¯ ∧ θb − 3iεab̟ ∧ θb.
We see that there is a Riemannian submersion N → X, where X is the leaf space of the distribution
θ = 0 on N endowed with the metric gX = θa ◦ θa. The Levi-Civita form of X is given by the
components of κab¯ and ̟. It follows from the first equation of (5.35) that gX is Ricci-flat. From
the appearance of ̟ in the second equation of (5.35) we may identify N with the total space of the
twistor space T(X).
The converse follows by reversing the steps in the argument just given. 
Example 5.9. By Proposition 5.8, twistor spaces TT4 and TK3 provide compact examples of
6-manifolds with U(2)-structures satisfying equations (5.33).
5.3.2. Type A. There are no U(2)-structures satisfying equations (5.33) and the additional conditions
Hab = 0, Aa 6= 0.
Proposition 5.10. Let P → N be a U(2)-structure satisfying equations (5.33). If Hab = 0, then
Aa = 0
Proof. If Hab = 0, a straightforward calculation yields that the equations d
2̟ = d2θa = 0 imply
Aa = 0. 
5.3.3. Type H. Now suppose P → N is a U(2)-structure satisfying equations (5.33) and the addi-
tional condition Aa = 0. We assume that Hab does not vanish identically on P, as this case was
considered in §5.3.1.
It will be useful to use real notation. Let 1 ≤ a, b ≤ 3 and 1 ≤ i, j ≤ 2 be indices with the
specified ranges, and define real-valued 1-forms ̟i by ̟ = ̟1 + i̟2, real-valued functions Saij by
(5.36)
S111 = 2 ImH12, S211 = ReH11 +ReH22, S311 = − ImH11 + ImH22,
S112 = 2ReH12, S212 = − ImH11 − ImH22, S312 = −ReH11 +ReH22,
S122 = −2 ImH12, S222 = −ReH11 − ReH22, S322 = ImH11 − ImH22,
Next, define real-valued 1-forms γai, ψab = −ψba and ρij = −ρji by
(5.37)
ψ23 = −i (κ11¯ − κ22¯) , γai = Saij̟j ,
ψ31 = −2Reκ12¯, ρ12 = −i (κ11¯ + κ22¯) ,
ψ12 = 2 Imκ12¯.
Then the identities d2̟ = 0, d2θ = 0, and d2κ = 0, together with the assumption that H does
not vanish identically, imply that the so(3, 3)-valued 1-form
(5.38) µ =
 0 0 3̟i0 ψab γai
3̟j γaj ρij

satisfies the Maurer-Cartan equation dµ = −µ ∧ µ.
The proof of the following theorem follows the same argument as the proof of Theorem 4.13, so
we omit it.
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Theorem 5.11. Each U(2)+-structure satisfying structure equations (5.33) with Aa = 0 and Hab
not identically zero is locally equivalent to the R4-bundle over a timelike maximal immersion of a
surface Σ in SO(3, 3)/SO(3, 2) associated to the flat sl(4,R)-connection arising from the isomorphism
so(3, 3) ∼= sl(4,R)..
Conversely, given a maximal timelike surface Σ in SO(3, 3)/SO(3, 2) one may construct a 6-
manifold N carrying a U(2)+-structure satisfying structure equations (5.33) with Aa = 0 on the
R4-bundle over Σ associated to the flat sl(4,R)-connection arising from the isomorphism so(3, 3) ∼=
sl(4,R).
5.4. The case λ = 2/5. When λ = 2/5, the structure equations (5.17) read
(5.39)
d̟ = κaa¯ ∧̟ +Aa̟ ∧ θa + 3iεabθa ∧ θb,
dθa = −κab¯ ∧ θb +Hab̟ ∧ θb.
As in §5.2, the U(2)-structure P induces a SU(3)-structure with associated differential forms Ω
and Υ given by equation (5.20). We have
(5.40)
dΩ = −3ReΥ,
dΥ = − 3i2 θa ∧ θa ∧ θb ∧ θb
so this SU(3)-structure is never torsion-free.
5.4.1. A = H = 0. When the torsion functions A and H vanish we have the following result.
Proposition 5.12. Let P → N be a U(2)-structure satisfying equations (5.39) and the additional
conditions Aa = 0 and Hab = 0. Then N is locally equivalent to a particular (described in the proof)
U(2)-structure on product R2 ×X of Euclidean 2-space with a Ricci-flat Ka¨hler 4-manifold X.
Conversely, any product of this form carries a U(2)-structure satisfying equations (5.39) and the
additional conditions Aa = 0 and Hab = 0.
Proof. If Aa = 0 and Hab = 0, the structure equations (5.39) become
(5.41)
d̟ = κaa¯ ∧̟ + 3iεabθa ∧ θb,
dθa = −κab¯ ∧ θb.
The identities d2̟ = d2θa = 0 imply
(5.42) dκab¯ = −κac¯ ∧ κcb¯ +Rab¯cd¯θc ∧ θd,
where Rab¯cd¯ are complex-valued functions on Q satisfying Rab¯cd¯ = Rcb¯ad¯ = Rad¯cb¯, Rab¯cd¯ = Rba¯dc¯,
and Rac¯cb¯ = 0. In particular, dκaa¯ = 0, so locally κaa¯ = i ds for some real valued function s. By
multiplying ̟ and θa by suitable powers of e
is we may assume that κ22¯ = −κ11¯ in the structure
equations (5.41).
There is a Riemannian submersion N → X, where X is the leaf space of θ = 0, equipped with the
Ka¨hler metric gX = θa ◦ θa. This metric is Ricci-flat by equation (5.42). Finally, d
(
εabθa ∧ θb
)
= 0
on X, so there exists a locally defined 1-form on X ζ with dζ = εabθa ∧ θb. Thus, on N we may
introduce a complex coordinate z such that ̟ = dz+3iζ. This proves the first part of the theorem.
The converse follows by reversing the construction just described. 
Example 5.13. If X is a hyperka¨hler 4-manifold with
[
1
2πωJ
]
and
[
1
2πωK
]
integral classes, then
the proof of Proposition 5.12 implies that associated T2-bundle over X is an example of a compact
6-manifold N with a U(2)-structure satisfying equations (5.39) and Aa = 0 and Hab = 0. One
just needs to take the real and imaginary parts of ̟ to be connection forms with curvature the
appropriate multiples of ωJ and ωK .
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5.4.2. Type A. Now suppose P→ N is a U(2)-structure satisfying equations (5.39) and the additional
condition Hab = 0. We assume that Aa does not vanish identically on P, as this case was considered
in §5.4.1.
In this case the structure equations (5.39) become
(5.43)
d̟ = κaa¯ ∧̟ +Aa̟ ∧ θa + 3iεabθa ∧ θb,
dθa = −κab¯ ∧ θb,
and the identities d2̟ = d2θa = 0 imply
(5.44)
dκab¯ = −κac¯ ∧ κcb¯ +Rab¯cd¯θc ∧ θd,
dAa = −Abκab¯ − 2Aaκbb¯ + Cabθb,
where Cab and Rab¯cd¯ are complex-valued functions on Q satisfying Cab = Cba, Rab¯cd¯ = Rcb¯ad¯ = Rad¯cb¯,
Rab¯cd¯ = Rba¯dc¯, and Rac¯cb¯ = −AaAb.
These structure equations are almost identical to those of §5.2.2, and because of this an almost
identical argument to that of Proposition 5.6 yields the following result.
Proposition 5.14. The U(2)−-structures satisfying equations (5.39) and the additional condition
Hab = 0 exist locally and depend on 3 functions of 2 variables.
We will not say more about the structures of this type, except to note that the calculations after
Proposition 5.6 may be repeated in this case too.
5.5. The case λ = 3/4. When λ = 3/4, the structure equations (5.17) read
(5.45)
d̟ = κaa¯ ∧̟ +Aa̟ ∧ θa − 4i3 εabθa ∧ θb,
dθa = −κab¯ ∧ θb +Hab̟ ∧ θb + 5i6 εab̟ ∧ θb.
As in §5.2, the U(2)-structure P induces a SU(3)-structure with associated differential forms Ω
and Υ given by equation (5.20). We have
(5.46)
dΩ = −3ReΥ,
dΥ = − 3i2 θa ∧ θa ∧ θb ∧ θb
so this SU(3)-structure is never torsion-free. However, the rescaled SU(3)-structure defined by
(5.47)
Ω˜ = i2
(
25
36 ̟ ∧̟ + 109 θa ∧ θa
)
,
Υ˜ = 2527 εab̟ ∧ θa ∧ θb,
is nearly Ka¨hler, meaning that
(5.48) dΩ˜ = 3Re Υ˜, d Im Υ˜ = −2Ω˜ ∧ Ω˜.
5.5.1. A = H = 0. If the torsion functions A and H vanish identically, we have the following result.
Proposition 5.15. Let P→ N be a U(2)-structure on a 6-manifold N satisfying structure equations
(5.45) and the additional conditions Aa = 0 and Hab = 0. Then N is locally equivalent to the twistor
space TX of an anti-self-dual Einstein 4-manifold X with scalar curvature 80/9 endowed with a
particular U(2)-structure, such that the fibres have constant curvature 25/9.
Conversely, the twistor space T(X) of an anti-self-dual Einstein 4-manifold X with scalar curva-
ture 80/9 carries a U(2)-structure satisfying structure equations (5.45) and the additional conditions
Aa = 0 and Hab = 0.
Proof. If Aa = 0 and Hab = 0, the structure equations (5.45) become
(5.49)
d̟ = κaa¯ ∧̟ − 4i3 εabθa ∧ θb,
dθa = −κab¯ ∧ θb + 5i6 εab̟ ∧ θb.
We see that there is a Riemannian submersion N → X, where X is the leaf space of the distribution
θ = 0 on N endowed with the metric gX = θa ◦ θa. The Levi-Civita form of X is given by the
components of κab¯ and ̟. It follows from the first equation of (5.35) that gX is anti-self-dual
Einstein with scalar curvature 80/9. From the appearance of ̟ in the second equation of (5.49)
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we may identify N with the total space of the twistor space T(X). The metric ̟ ◦̟ on the fibres
has constant curvature 25/9. This proves the first statement. The converse follows by reversing the
steps in the argument just given. 
5.5.2. Types A and H. There are no U(2)-structures satisfying equations (5.45) and the additional
conditions Hab = 0, Aa 6= 0 or Aa = 0, Hab 6= 0.
Proposition 5.16. Let P→ N be a U(2)-structure satisfying equations (5.45).
(1) If Hab = 0 then Aa = 0.
(2) If Aa = 0 then Hab = 0.
Proof. If Hab = 0, then the equations d
2̟ = d2θ = 0 imply Aa = 0, while if Aa = 0, then the
equations d2̟ = d2θ = 0 imply H = 0. 
6. Laplace solitons
In this section we present two explicit examples of complete, steady, gradient solitons for the
Laplacian flow (3.15) with special torsion of negative type. These solitons arise via an ansatz
motivated by the results of §5. The G2-structures considered in this section are of the form
(6.1) ϕ = i2dr ∧
(
F (r)2̟ ∧̟ +G(r)2θa ∧ θa
)
+ F (r)G(r)2 Re (εab̟ ∧ θa ∧ θb) ,
where ̟ and θa are the components of the tautological 1-form for a U(2)-structure P → N over a
6-manifold satisfying structure equations (5.33) or (5.39).
The gradient Laplace soliton system is not involutive, and determining the local generality of
gradient Laplace solitons is an open problem. The examples presented below both have a local
generality of 2 functions of 3 variables, which hence gives a lower bound for the generality of the
gradient Laplace soliton system.
6.1. Example 1. Let (X, gX ,Ω) be a Ricci-flat anti-self-dual 4-manifold. Let R→ X be the induced
SO(4)-structure bundle of X consisting of coframes u : TpX → R4 such that
(6.2) gX = u
∗ ((e1)2 + (e2)2 + (e3)2 + (e4)2)
and let η = (η1, η2, η3, η4) denote the R
4-valued tautological 1-form on R.
On R, we have Cartan’s first structure equation,
(6.3) d

η1
η2
η3
η4
 =

0 ζ1 + ξ1 ζ2 − ξ2 −ζ3 − ξ3
−ζ1 − ξ1 0 −ζ3 + ξ3 −ζ2 − ξ2
−ζ2 + ξ2 ζ3 − ξ3 0 ζ1 − ξ1
ζ3 + ξ3 ζ2 + ξ2 −ζ1 + ξ1 0
 ∧

η1
η2
η3
η4
 .
where ξ1, ξ2, ξ3, ζ1, ζ2, and ζ3 are the components of the so(4)-valued Levi-Civita form on R, written
in a way to reflect the isomorphism so(4) ∼= su(2)+ ⊕ su(2)−. As a consequence of the assumption
that gX is anti-self-dual Ricci-flat, Cartan’s second structure equation reads
(6.4)
d
 ζ1ζ2
ζ3
 = −2
 ζ2 ∧ ζ3ζ3 ∧ ζ1
ζ1 ∧ ζ2

d
 ξ1ξ2
ξ3
 = −2
 ξ2 ∧ ξ3ξ3 ∧ ξ1
ξ1 ∧ ξ2
+
 W11 W12 W13W12 W22 W23
W13 W23 W33
 η1 ∧ η2 − η3 ∧ η4η3 ∧ η1 + η4 ∧ η2
η4 ∧ η1 + η2 ∧ η3
 ,
for functions Wij on R satisfying W11 +W22 +W33 = 0, representing the Weyl tensor of gX .
Now, let N denote the twistor space on X, the unit sphere bundle of Λ2+T
∗X. This is the quotient
of R by U(2)− ⊂ SO(4), and thus R is naturally a U(2)-structure on N . The components of the
tautological form of this U(2)-structure are ζ2, ζ3, η1, η2, η3, and η4. The forms ξ1, ζ1, ζ2, and ζ3 are
the natural connection forms. It is easy to see that the forms
(6.5)
volF = ζ2 ∧ ζ3,
ΩX = η1 ∧ η2 + η3 ∧ η4,
Γ = ζ3 ∧ (η3 ∧ η1 + η2 ∧ η4) + ζ2 ∧ (η4 ∧ η1 + η3 ∧ η2) ,
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descend to N.
Now, on the product R×N, with coordinate r in the R-direction consider a G2-structure of the
form
(6.6) ϕ = dr ∧ (f(r)2volF + g(r)2ΩX)+ f(r)g(r)2 Γ,
where f(r) and g(r) are non-vanishing functions. A calculation using the structure equations (6.3)
and (6.4) yields that ϕ is closed if and only if
(6.7) g′(r) = −g(r) (f
′(r) + 2)
2 f(r)
,
which we assume from now on. In this case, the torsion 2-form is given by
(6.8) τ = (f ′(r) + 2)
(
2 f(r) volF − g(r)
2
f(r)
ΩX
)
.
Remark 6.1. We see from equation (6.8) that the condition for ϕ to define a torsion-free G2-structure
is that f ′(r) = −2, from which it follows that g′(r) = 0. This solution corresponds to the torsion-free
G2-structure on the metric product X × R3, which has reduced holonomy a subgroup of SU(2).
Let V = v(r) ∂r be a vector field in the R-direction. Another calculation using the structure
equations (6.3) and (6.4) shows that the condition that (ϕ, V ) define a Laplace soliton, namely
(6.9) dτ = c ϕ+ LV ϕ,
is equivalent to the ODE system
f ′(r) = v(r) (f(r) + 2) + 12c f(r)
2,(6.10a)
v′(r) =
v(r) (f(r) v(r) + 2) + c
(
3c f(r)2 − 12 f(r)v(r) − 14)
6 f(r)
.(6.10b)
We assume from now on that c = 0, i.e. that ϕ is a steady Laplace soliton. In this case it is
possible to solve the system (6.10) explicitly. We have that
(6.11)
d
dr
(
f(r)2 v(r)
)
= 0,
so there exists a constant k1 (which we shall assume non-zero) such that
(6.12) v(r) = − 2 k1
f(r)2
.
Then, after a simple integration (assuming f(r) > k1, the other case being similar), equation (6.10a)
implies
(6.13) − f(r)
2
− k1
2
log(f(r)− k1) = r + k − 12k1,
for some constant k. This equation can be inverted by means of the Lambert W function, and we
have (after shifting r so we may assume k2 = 0)
(6.14) f(r) = k1
(
W
(
− 1
k1
exp
2 r
k1
)
+ 1
)
.
Next, equation (6.7) together with (6.10a) implies that
(6.15)
d
dr
(
f(r) − k1
k1 f(r)g(r)2
)
= 0,
so
(6.16) g(r)2 =
f(r)− k1
k1k2f(r)
,
for some constant k2 (with the same parity as k1).
38 GAVIN BALL
Theorem 6.2. The 2-parameter family of closed G2-structures ϕ defined by equation (6.6) and the
equations (6.14) and (6.16) define steady gradient Laplace solitons on the manifold M = R × N,
where N is the twistor space of an anti-self-dual Ricci-flat 4-manifold X. The metric gϕ on M is
complete if and only if the metric on X is.
Proof. The fact that ϕ defines a steady Laplace soliton follows from the calculations above. It is
easy to see that the vector field V = gradh for
(6.17) h(r) = −2k1
∫
1
f(r)2
dr,
so ϕ is a gradient soliton.
Finally, completeness of the metric gϕ when X is complete follows from the fact that |f(r)| >
|k1| > 0, so neither f(r) nor g(r) vanish on R, and their domain is all of R. 
Now assume that X is a compact anti-self-dual Ricci-flat 4-manifold, for instance a K3 surface or
a 4-torus. The volume form volM of the steady Laplace soliton ϕ on M = R×N just constructed is
(6.18)
volM = f(r)
2g(r)4 dr ∧ volF ∧ η1 ∧ η2 ∧ η3 ∧ η4,
=
1
k21k2
(f(r)− k1)2 dr ∧ volF ∧ η1 ∧ η2 ∧ η3 ∧ η4.
Now, as r → +∞, f(r) approaches k1 exponentially quickly, so the volume of the r-positive end
of M is finite. In contrast, as r→ −∞, f(r) is asymptotic to a linear function with gradient −2, so
the volume growth at the r-negative end is cubic in r (which is the arc length parameter along R).
In fact, from the asymptotics of f(r) we see that as r→ −∞ the closed G2-structure ϕ is asymptotic
to the torsion-free G2-structure on X × R3 described in Remark 6.1.
6.2. Example 2. Let X be a hyperka¨hler 4-manifold with triple of 2-forms (ΩI ,ΩJ ,ΩK) such that[
1
2πΩJ
]
and
[
1
2πΩK
]
are integral classes. Let R → X be the torsion-free SU(2)-structure induced
by the hyperka¨hler structure on X, consisting of coframes for which
(6.19)
ΩI = u
∗ (e1 ∧ e2 + e3 ∧ e4) ,
ΩJ = u
∗ (e1 ∧ e3 + e4 ∧ e2) ,
ΩK = u
∗ (e4 ∧ e1 + e3 ∧ e2) .
Let N be the total space of the T2 bundle classified by
[
1
2πΩJ
]
and
[
1
2πΩK
]
, and let π1 and
π2 be connection forms with curvature ΩJ and ΩK . Then, the pullback of R to N has a coframe
(π1, π2, η1, . . . η4, ξ1, ξ2, ξ3) satisfying structure equations of the form
(6.20)
d

η1
η2
η3
η4
 =

0 ξ1 −ξ2 −ξ3
−ξ1 0 ξ3 −ξ2
ξ2 −ξ3 0 −ξ1
ξ3 ξ2 ξ1 0
 ∧

η1
η2
η3
η4
 ,
dπ1 = η1 ∧ η3 + η4 ∧ η2,
dπ2 = η4 ∧ η1 + η3 ∧ η2,
and
(6.21) d
 ξ1ξ2
ξ3
 = −2
 ξ2 ∧ ξ3ξ3 ∧ ξ1
ξ1 ∧ ξ2
+
 W11 W12 W13W12 W22 W23
W13 W23 W33
 η1 ∧ η2 − η3 ∧ η4η3 ∧ η1 + η4 ∧ η2
η4 ∧ η1 + η2 ∧ η3
 .
Now, on the product R×N, with coordinate r in the R-direction, consider the 3-form
(6.22) ϕ = dr ∧ (f(r)2π1 ∧ π2 + g(r)2ΩI)− f(r)g(r)2π2 ∧ ΩJ + f(r)g(r)2π1 ∧ ΩK ,
which defines a G2-structure on R×N away from the zeroes of f(r) and g(r). A calculation using
the structure equations (6.20) and (6.21) yields that ϕ is closed if and only if
(6.23) g′(r) = −f
′(r)g(r)2 + f(r)2
2 f(r)g(r)
,
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which we assume from now one. In this case, the torsion 2-form is given by
(6.24) τ =
(
f ′(r)g(r)2 − f(r)2)( 2
g(r)2
π1 ∧ π2 − 1
f(r)
ΩI
)
.
Remark 6.3. From equation (6.24), the condition that ϕ define a torsion-free G2-structure is the
equation f ′(r) = f(r)2/g(r)2. The solutions to the system consisting of this equation and equation
(6.23) are f(r) = k
2
3 /r
1
3 , g(r) =
√
3k
1
3 r
1
3 , for a constant k. This defines a G2-structure on N ×
(0,+∞) which is incomplete as r→ 0, but is forward complete.
As in the previous section, let V = v(r) ∂r be a vector field in the R-direction. A calculation
using the structure equations (6.20) and (6.21) shows that the condition that (ϕ, V ) defines a steady
Laplace soliton, namely
(6.25) dτ = LV ϕ,
is equivalent to the ODE system
f ′(r) =
f(r)
(
g(r)2 v(r) + 2f(r)
)
2g(r)2
,(6.26a)
g′(r) = −g(r)
2 v(r) + 4f(r)
4g(r)
,(6.26b)
v′(r) =
v(r)
(
g(r)2 v(r) + 4 f(r)
)
2 g(r)2
.(6.26c)
This system can be solved explicitly. We have that
(6.27)
d
dr
(
g(r)2 v(r)
)
= 0,
so there exists a constant k1 (which we shall assume non-zero) such that
(6.28) v(r) = − 2 k1
g(r)2
.
We then have
(6.29)
d
dr
(
g(r)2f(r) (f(r) − k1)
)
= 0.
We assume that 0 < f(r) < k1, so there exists a constant k2 with
(6.30) g(r) =
k2√
f(r) (k1 − f(r))
.
Then a simple integration yields that (after possibly shifting r by a constant)
(6.31)
2k22
k31
(log f(r)− log(k1 − f(r))) + k
2
2
k21
(
1
k1 − f(r) −
1
f(r)
)
= r.
This equation defines f(r) as a function of r, since the left hand side,considered as a function of f,
is invertible on (0, k1) .
Theorem 6.4. The 2-parameter family of closed G2-structures ϕ defined by equation (6.22) and
the equations (6.31) and (6.30) define complete steady gradient Laplace solitons on the manifold
M = R×N.
Proof. The fact that ϕ defines a steady Laplace soliton follows from the calculations above. It is
easy to see that the vector field V is the gradient of the function h defined by
(6.32) h(r) = −2k1
k22
∫
f(r) (k1 − f(r)) dr.
Finally, completeness of the metric gϕ follows from the fact that the function f(r) defined by
equation (6.31) is defined on all of R and satisfies 0 < f(r) < k1. 
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As r → +∞, f(r) is asymptotic to k1−k22/(k21r), and as r → −∞, f(r) is asymptotic to −k22/(k21r).
The volume form induced by ϕ on M is
(6.33) volM =
k22
(k1 − f(r))2
dr ∧ π1 ∧ π2 ∧ volX ,
where volX is the volume form associated to the hyperka¨hler structure on X. Thus, we see that the
volume growth is cubic at the r-positive end and linear at the r-negative end of R×N.
References
[1] Gavin Ball, Seven Dimensional Geometries with Special Torsion, Ph.D. Thesis, 2019.
[2] Gavin Ball, Closed G2-structures with conformally flat metric, arXiv e-prints (February 2020), arXiv:2002.01634,
available at 2002.01634.
[3] D. Baraglia, Moduli of coassociative submanifolds and semi-flat G2-manifolds, J. Geom. Phys. 60 (2010), no. 12,
1903–1918. MR2735277
[4] R. L. Bryant, Notes on exterior differential systems, ArXiv e-prints (May 2014), available at 1405.3116.
[5] R. L. Bryant, S. S. Chern, R. B. Gardner, H. L. Goldschmidt, and P. A. Griffiths, Exterior differential systems,
Mathematical Sciences Research Institute Publications, vol. 18, Springer-Verlag, New York, 1991. MR1083148
[6] Robert L. Bryant, Metrics with exceptional holonomy, Annals of Mathematics 126 (1987), no. 3, 525–576.
[7] , Some remarks on G2-structures, Proceedings of Go¨kova Geometry-Topology Conference 2005 (2006).
[8] Richard Cleyton and Stefan Ivanov, Curvature decomposition of g2-manifolds, Journal of Geometry and Physics
58 (2008), no. 10, 1429 –1449.
[9] Marisa Ferna´ndez, Anna Fino, and Vı´ctor Manero, Laplacian flow of closed G2-structures inducing nilsolitons,
J. Geom. Anal. 26 (2016), no. 3, 1808–1837. MR3511459
[10] Joel Fine and Chengjian Yao, Hypersymplectic 4-manifolds, the G2-Laplacian flow, and extension assuming
bounded scalar curvature, Duke Math. J. 167 (2018), no. 18, 3533–3589. MR3881202
[11] Anna Fino and Alberto Raffero, Closed G2-structures on non-solvable Lie groups, arXiv e-prints (December
2017), arXiv:1712.09664, available at 1712.09664.
[12] , A class of eternal solutions to the G2-Laplacian flow, arXiv e-prints (2018Jul), arXiv:1807.01128, avail-
able at 1807.01128.
[13] Anna Fino and Alberto Raffero, Closed warped G2-structures evolving under the Laplacian flow, Ann. Sc. Norm.
Super. Pisa Cl. Sci. (5) 20 (2020), no. 1, 315–348.
[14] Hongnian Huang, Yuanqi Wang, and Chengjian Yao, Cohomogeneity-one G2-Laplacian flow on the 7-torus, J.
Lond. Math. Soc. (2) 98 (2018), no. 2, 349–368. MR3873112
[15] Thomas A. Ivey and Joseph M. Landsberg, Cartan for beginners, Graduate Studies in Mathematics, vol. 175,
American Mathematical Society, Providence, RI, 2016. Differential geometry via moving frames and exterior
differential systems, Second edition [of MR2003610]. MR3586335
[16] Dominic D. Joyce, Compact Riemannian 7-manifolds with holonomy G2. I, II, J. Differential Geom. 43 (1996),
no. 2, 291–328, 329–375. MR1424428
[17] Ines Kath and Jorge Lauret, A new example of a compact ERP G2-structure, arXiv e-prints (May 2020),
arXiv:2005.02462, available at 2005.02462.
[18] B. Lambert and J.D. Lotay, Spacelike Mean Curvature Flow, J Geom Anal (2019).
[19] Jorge Lauret, Laplacian flow of homogeneous G2-structures and its solitons, Proc. Lond. Math. Soc. (3) 114
(2017), no. 3, 527–560. MR3653239
[20] , Laplacian solitons: questions and homogeneous examples, Differential Geom. Appl. 54 (2017), no. part
B, 345–360. MR3693936
[21] Jorge Lauret and Marina Nicolini, Extremally Ricci pinched G2-structures on Lie groups, Comm. Anal. Geom.
(in press).
[22] , The classification of ERP G2-structures on Lie groups, Ann. Mat. Pura Appl. (4) (in press).
[23] Jason D. Lotay and Yong Wei, Laplacian flow for closed G2 structures: Shi-type estimates, uniqueness and
compactness, Geom. Funct. Anal. 27 (2017), no. 1, 165–233. MR3613456
[24] , Laplacian flow for closed G2 structures: real analyticity, Comm. Anal. Geom. 27 (2019), no. 1, 73–109.
MR3951021
[25] , Stability of torsion-free G2 structures along the Laplacian flow, J. Differential Geom. 111 (2019), no. 3,
495–526. MR3934598
[26] Marina Nicolini, New examples of shrinking Laplacian solitons, arXiv e-prints (June 2020), arXiv:2006.13074,
available at 2006.13074.
Universite´ du Que´bec a` Montre´al, De´partement de mathe´matiques, Case postale 8888, succursale
centre-ville, Montre´al (Que´bec), H3C 3P8, Canada
E-mail address: gavin.ball@cirget.ca
URL: https://www.gavincfball.com/
